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ON A CERTAIN METAPLECTIC EISENSTEIN SERIES AND THE TWISTED 
SYMMETRIC SQUARE L-FUNCTION 


SHUICHIRO TAKEDA 


Abstract. In our earlier paper, based on a paper by Bump and Ginzburg, we used an Eisenstein 
series on the double cover of GL(r) to obtain the integral representation of the twisted symmetric 
square L-function of GL(r). Using that, we showed that the (incomplete) twisted symmetric square 
L-function of GL(r) is holomorphic for R e(s) > 1. In this paper, we will determine the possible poles 
of this Eisenstein series more precisely and show that the (incomplete) twisted symmetric square 
L-function is entire except possible simple poles at s = 0 and s = 1. 


1. Introduction 


Let 7r = (8)' v 7r v be an irreducible cuspidal automorphic representation of GL r (A) and x a unitary 
Hecke character on A x , where A is the ring of adeles over a number field F. By the local Langlands 
correspondence by Harris-Taylor m and Henniart [He], each tt v corresponds to an r-dimensional 
representation rec(7r„) of the Weil-Deligne group WDp v of F v . We can also consider the twist of 
rec(7r„) by \v , namely, 

rec(7r.„) <g> Xv ■ WD Fv -A GL r (C), 

where Xv is viewed as a character of WDp v via local class field theory. Now for each homomorphism 

p : GL r (C) -> GLat(C), 

one can associate the local L-factor L„(s, tt v , po rec(7r„) ® Xv) of Artin type. Then one can define the 
automorphic L-function by 

L(s, 7r, p®x) ■= B L v (s, n v ,po rec(7r„) <8> Xw)- 

V 

In particular in this paper, we consider the case where p is the symmetric square map 

Sym 2 : GL r (C)-► GLi r(r+1) (C), 

namely we consider the twisted symmetric square L-function L(s, 7r, S'j/m 2 ® %). By the Langlands- 
Shahidi method, it can be shown that the L-function L(s, 7 r, Sym 2 ® x) admits meromorplric contin¬ 
uation and a functional equation. (See jShll Theorem 7.7].) 

The Langlands-Shahidi method, however, is unable to determine the locations of the possible poles 
of L(s,7r, Sym 2 ® %). The main theme of this paper is to determine them though we consider only 
the incomplete L-function L s (s,n, Sym 2 ® x)- To be more specific, let S' be a finite set of places 
that contains all the archimedean places and non-archimedean places where 7r or x ramifies. For 
v £ S, each ir v is parameterized by a set of r complex numbers {ct v p, ■ ■ ■ , a„ ir } known as the Satake 
parameters. Then we have 


L v (s,n v ,Sym 2 <g> Xv) 


n 


1 

(f X.vi_'^v')^v,i^v,jQv ) 


1 
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where vj v is the uniformizer of F v and q v is the order of the residue field, and we set 

L s (s, 7r, Sym 2 <g> X ) = ]^[ L v (s,n v , Sym 2 ®Xv)- 
v<£S 

As our main theorem (Theorem 17.11) we will prove 

Theorem. Let n be a cuspidal automorphic representation of GL r (A) with unitary central charac¬ 
ter Un and x « unitary Hecke character. Then the incomplete twisted symmetric square L-function 
L s {s ,Tr,Sym 2 ® x) is holomorphic everywhere except that it has a possible pole at s = 0 and s = 1. 
Moreover there is no pole if y? ^ 1. (Here the set S can be taken to be exactly the finite set of 
places containing all the archimedean places, places dividing 2, and the non-archimedean places where 
ir or x is ramified.) 

Indeed, in our previous work am which is based on the work by Bump and Ginzburg ( IBGI ) . 
which is in turn based on works of various people such as Patterson and Piatetski-Shapiro f lPPI I. Gel¬ 
bart and Jacquet ( jGJ] ) and most originally Shimura ( [Shi] 1. we showed the A-function L s (s, n, Sym 2 ® 
x) is holomorphic for Re(s) > 1. (Actually what we showed in HU is slightly more than this. See 
m for more details.) In im however, we were unable to show the holomorphy for Re(s) < 1. This 
was because we were unable to determine the locations of possible poles of certain Eisenstein series on 
the metaplectic double cover GL r of GL r for all s £ C. For the sake of explaining it, let us assume r 
is odd here. Then in HU, the twisted symmetric square L-function L s (s, 7r, Sym 2 ® x) is represented 
by Rankin-Selberg integrals of the form 

©, D = [ (f{g)9{n{g))E{K{g),s-,f s )dg , 

JZ(A) GL r (F)\ GL r (A) 

where </> is a cusp form in 7r, 0 is an automorphic form on the twisted exceptional representation of 

GL r (A), and E{—,s;f s ) is the Eisenstein series on GL r (A) associated with the section f s in the global 

induced space Ind~^ A ) 9 <g> Sq, where Q is the (r — 1, l)-parabolic of GL r and 9 is the exceptional 
QW w _ 

representation of the Levi part GL r _i(A) xGLi(A). (Those exceptional representations will be recalled 
in later sections.) Then the holomorphy of the twisted symmetric square L-function can essentially 
be reduced to the holomorphy of the normalized Eisenstein series 

LT(-, s; f s ) = L S (r(2s + i) x ^)A(-, a; / s ). 

Indeed, the bulk of this paper is devoted to showing the following result on the normalized Eisenstein 
series, which is Theorem 16.21 with the notation adjusted. 

Theorem. The normalized Eisenstein series above is holomorphic for all s £ C except that ifx r aj 2 = 1 
it has a possible simple pole at s = j and —j. 

Let us note that the possible pole at s = j (resp. s = — j) for the normalized Eisenstein series 
gives the one at s = 1 (resp. s = 0) for the L-function. 


Determination of the location of possible poles of (normalized) Eisenstein series (especially degen¬ 
erate Eisenstein series for classical groups) has been done in various places such as [PSR1IGPSR1 IKRl 
|lkl[Jl], and we essentially follow their approach, in which we determine possible poles of the Eisenstein 
series by computing a constant term of the Eisenstein series and poles of intertwining operators. Our 
Eisenstein series, however, is on the metaplectic group GL r (A), which requires extra care, and for this 
reason we have developed the theory of metaplectic tensor products for automorphic representations 
in our earlier paper |T2j . 
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Even though the theory of metaplectic groups is an important subject in representation theory 
and automorphic forms, it has an unfortunate history of numerous technical errors and as a result 
published literatures in this area are often marred by those errors which compromise their reliability. 
For this reason, we try to make this paper as self-contained as possible and supply as detailed proofs 
as possible. In particular, we will not use any of the results in m (though many of the ideas in this 
paper are borrowed from [BGj ) except one proposition f lBGl Proposition 7.3]) on GL 2 for which the 
proof there is detailed enough to be reliable. 

The following is the structure of the paper. In the next section, we will recall the theory of the 
metaplectic double cover GL r of GL r both locally and globally and quote the results from [T2] on the 
metaplectic tensor product, which will be needed in later sections. In Section 3, we recall the notion of 
the exceptional representation on GL r , which was originally developed in |KP] for the non-twisted case, 
m for the local twisted case, and finally in m for the general case. The exceptional representation 
is used to define our Eisenstein series. In Section 4, we define the induced representation that gives 
rise to our Eisenstein series, and examine analytic properties of the intertwining operators on it, and 
in Section 5 we will determine the possible poles of the (unnormalized) Eisenstein series for Re(s) > 0. 
Those two sections comprise the main part of the paper. Then in Section 6, we will determine the 
possible poles of the normalized Eisenstein series. Finally in Section 7, we will give the main theorem 
on the twisted symmetric square L-function. 


Notations 


Throughout the paper, F is a local field of characteristic zero or a number field. If F is a number 
field, we denote the ring of adeles by A. Both locally and globally, we denote by Of the ring of 
integers of F. For each algebraic group G over a global F, and g € G(A), by g v we mean the V th 
component of g , and so g v £ G(F V ). 

If F is local, the symbol (—, —)p denotes the Hilbert symbol of F. If F is global, we let (—, — )a := 
]~[ [! (—, —where the product is finite. We sometimes write simply (—,—) for the Hilbert symbol 
when there is no danger of confusion. 

Throughout the paper we write 



depending on the parity of r. For a partition n + ■ ■ ■ + r*, = r of r, we let 


M = GL ri x ■ ■ ■ x GL rfe C GL r 


and assume it is embedded diagonally as usual. Let P = P± x • • • x Pk be a parabolic subgroup 
of M where each P* is a parabolic subgroup of GL n . Further assume that the Levi factor of Pi is 
GL;i x • ■ ■ x GL;^ , where l\ + ■ ■ ■ + l l m . = r» . Then we write 


namely the superscript indicates the ambient group M, and the subscript indicates the Levi part. 
For example, Piir-31 means the parabolic subgroup of GL 2 x GL r _3 x GLi whose Levi part is 
GLi x GLi x GL r _3 x GLi. For the minimal parabolic of M, we write B ri, "' ,rk , namely B ri, - ,rk = 
Also if M = GL r , we usually omit the superscript and simply write Pi lt ...,i m for the 
(h, ..., / m )-parabolic of GL r . In particular B denotes the Borel subgroup of GL r . For a parabolic 
subgroup P, we denote its Levi part by Mp and unipotent radical by Np. We use the same convention 
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for the subscripts and superscripts for the unipotent radical. For example, denotes the 

unipotent radical of the parabolic Pj ~_ 2 . 

For any group G and subgroup H C G, and for each g £ G, we define 9 H = gHg _1 . Then for a 
representation ir of H 1 we define g i r to be the representation of 9 H defined by 9 Tr(h') = n(g~ 1 h'g) for 
ti £ gHg- 1 . 

For each r, we denote the rxr identity matrix by I r . We let W be the set of all r x r permutation 
matrices, so for each element w £ W each row and each column has exactly one 1 and all the other 
entries are 0. The Weyl group of GL r is identified with W. Also for a Levi M = GL ri x • • • x GL rfc , we 
let Wm be the subset of W that only permutes the GL n -blocks of M. Namely Wm is the collection 
of block matrices 

W M ~ {WxW.jir,) G W : a £ S k }, 

where S k is the permutation group of k letters. Though Wm is not a group in general, it is in bijection 
with S k . Accordingly we sometimes use the permutation notation for the Weyl group element. For 
example, (12... k) £ S k corresponds to the longest element in Wm- 

We use the usual notation for the roots of GL r . Namely e* is the character on the maximum torus 
defined by {t\, ■ ■ ■ ,t r ) K > ti. Then each root is of the form ei — ej and each positive root is of the 
form d — ej with i < j. Let P = MN be a parabolic subgroup whose Levi is M. We let < hp(C) be 
the C-vector space spanned by the roots of M. So in particular if M = GL r , then $p(C) = C r_1 and 
each v £ <E>p(C) is for the form p = siei + • • • + s r e r with Si + • • • + s r = 0. We let pp be half the 
sum of the positive roots of M. 


Acknowledgements 

The author is partially supported by NSF grant DMS-1215419. He would like to thank the referee 
for his/her careful reading of the manuscript. 


2. The metaplectic double cover GL r of GL r 

In this section, we review the theory of the metaplectic double cover GL r of GL r for both local and 
global cases, which was originally constructed by Kazhdan and Patterson in |KP| and the metaplectic 
tensor product for the Levi part developed by Mezo ( [Mel ) and the author (Em 

2.1. The local metaplectic double cover GL r (F). Let P be a (not necessarily non-archimedean) 
local field of characteristic 0. In this paper, by the metaplectic double cover GL r (F) of GL r (J 7 '), we 
mean the central extension of GL r (J 7 ') by {±1} as constructed in [KPj by Kazhdan and Patterson. 

(Kazhdan and Patterson considered more general n th covers GL r ( F ) with a twist by c G {0,..., n—1}. 
But we only consider the non-twisted double cover, i.e. n = 2 and c = 0.) Later, Banks, Levy, and 
Sepanski f lBLS] ) gave an explicit description of a 2-cocycle 

<r r : GL r {F) x GL r (F) -A {±1} 

which defines GL r (F) and shows that their 2-cocycle is “block-compatible”, by which we mean the 
following property of oy: For the standard (n,..., ?'fc)-parabolic P of GL r , so that its Levi Mp is of 
the form GL ri x ■ ■ • x GL rfc which is embedded diagonally into GL r , we have 

k 

= n a ri{9i,9i) n ( det ( 5 i),det( ff ')) F , 

i= 1 l<i<j<k 


( 2 . 1 ) a r { 


(gi 


\ 


9k i 


fg[ 

V 


9k/ 
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for all gi,g[ G GL r .(F) (see [BLS , Theorem 11, §3]), where (— )f is the Hilbert symbol for F. 
The 2-cocycle of [BLS] generalizes the well-known cocycle given by Kubota |Kub| for the case r = 2. 
Note that GL r (F) is not the F-rational points of an algebraic group, but this notation seems to be 
standard. 

We define <T GL r .(i 7 ') to be the group whose underlying set is 

"GL r (F) = GL r (F) x {± 1 } = {( 5,0 : g G GL r (F),£ G {±1}}, 
and the group law is defined by 

(51,6) • ( 52 , 6 ) = (5152,^(51,52)66)- 

Since we would like to emphasize the cocycle being used, we write cr GL r (F) instead of GL r (F). 

To use the block-compatible 2 -cocycle of | BLSl has obvious advantages. In particular, it can be 
explicitly computed and, of course, it is block-compatible. However it does not allow us to construct 
the global metaplectic cover GL r (A). Namely one cannot define an adelic block-combatible 2-cocycle 
simply by taking the product of the local block-combatible 2-cocycles over all the places. This can be 
already observed for the case r = 2. (See [0 p.125].) 

For this reason, we will use a different 2-cocycle T r which works nicely with the global metaplectic 
cover GL r (A). To construct such r r , first assume F is non-archimedean. It is known that an open 
compact subgroup K splits in GL r (F), and moreover if the residue characteristic of F is odd, K = 
GL t {Of)- (See [KPl Proposition 0.1.2].) Also for fc, k' G K , we have (det(fc), det(fc'))_F = 1. Hence one 
has a continuous map s r : GL r (F) —> {±1} such that a r (g, g')s r (g)s r (g') = s r (gg') for all 5 , 5 ' G K. 
Then define our 2-cocyclc T r by 

(2.2) a-(5,5') '■= Vr(g,g')sr(g)sr(g')/sr(gg') 

for g,g' G GL r (F). If F is archimedean, we set T r = ay. 

The choice of s r and hence T r is not unique. But there is a canonical choice with respect to the 
splitting of K in the sense explained in |T2j . With this choice of s r , the section K —»■ CT GL r (F) defined 
by A 1 — (k,s r (k)) is what is called the canonical lift in m which is denoted by k* there. Also if 
r = 2, our choice of r 2 is equal to the cocycle denoted by [5 in [F], which can be shown to be block 
compatible. Indeed, the restriction of 72 to B 2 x B 2 where B 2 is the Borel subgroup of GL 2 coincides 
with ( 72 - 

Using T r , we realize GL r (F) to be 

GL r (F) = GL r (F) x {±1}, 
as a set and the group law is given by 

( 5,6 • (5', 6 ) = ( 55 ', T r (g,g')££'). 

Note that we have the exact sequence 

0-^ {±1}-^ GL r (F) —GL r (F) -^ 0 

given by the obvious maps, where we call p the canonical projection. 

We define a set theoretic section 

k : GL r (F) —> GL r (F), 5 i-> ( 5 ,1). 

Note that n is not a homomorphism. But by our construction of the cocycle r r , k\k is a homomorphism 
if F is non-archimedean and I\ is a sufficiently small open compact subgroup, and moreover if the 
residue characteristic is odd, one has K = GL t {Of)- 
Also we define another set theoretic section 
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where s r (g ) is as above. We have the isomorphism 

GL r (F) -a CT GL r (F), (g ,0 ^ (g, s r (g)Z), 

which gives rise to the commutative diagram 

GL r (F)-*■ cr GL r .(F) 


GL r (F) 

of set theoretic maps, i.e. maps which are not necessarily homomorphisms. Also note that the 
elements in the image s(GL r (F)) “multiply via ay” in the sense that for g,g' € GL r (F), we have 

(2-3) (g:Sr{g)~ 1 )(g',s r (g , )~ 1 ) = (. gg' ,a r {g,g')s r {gg')“ l ). 

For a subgroup H C GL r (F), whenever the cocycle ay is trivial on H x H, the section s splits H 
by (12.31) . We often denote the image s (H) by H* or sometimes simply by H when it is clear from 
the context. Particularly important is that by iBLS , Theorem 7 (f), §3], s splits Ng, the unipotent 
radical of the Borel subgroup B of GL r (F), and accordingly we denote s (Ng) by Ng. 

Assume F is non-archimedean of odd residue characteristic. By [KP] Proposition 0.1.3] we have 

(2.4) re | tdk = s|rnAy re| w = s|w, n\N B nK = s|iv B nis:, 

where W is the Weyl group and K = GL t (Of). In particular, this implies s r \TrtK = s r \w = 
s r \N B nK = 1- Also note that s r (l) = 1. 

Now assume F is any local field F. For each element w £ W, we denote s(w) by w, which is equal 
to (w, 1) if the residue characteristic of F is odd or F = C, when it is clear from the context. However 
it is important to note that s does not split W if the residue characteristic of F is even or F = R. 
Indeed, s splits W if and only if (—1, —l)p = 1. 

Note that GLi = GLi(F) x {±1}, where the product is the direct product, i.e. ay is trivial. (See 
(BLS . Corollary 8, §3].) Also we define F x to be F x = F x x {±1} as a set but the product is 
given by (a,£) • (a',£') = (aa', (a, a')F^C)- (It is known that F x is isomorphic to GLi if and only if 
(—1, —1 )f = 1- It is our understanding that this is due to J. Klose (see [ KP[ p.42]), though we do not 
know where his proof is written. See |Adj for a proof for a more general statement.) 

For each subgroup H(F) C GL r (F), we denote the preimage p~ 1 (H(F)) of H(F) via the canonical 
projection p by H(F) or sometimes simply by H when the base field is clear from the context. We 
call it the “metaplectic preimage” of H(F). 

If P is a parabolic subgroup of GL r whose Levi is A/p = GL ri x • ■ ■ x GL rfe , we often write 

Adp = GL ri x * • • xGL rfc 

for the metaplectic preimage of Mp. One can check 

P = MpNp 

and Np is normalized by Mp. Hence if n is a representation of Mp, one can consider the parabolically 
induced representation Ind~' r ^ n as usual by letting Np act trivially. 

Next let 




GL(. 2) = {g e GL r : det g G F x2 }, 
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-— ( 2 ) 

and GL r its metaplectic preimage. Also we define 

(<J\ 


Mp 2) = { 


G M P : det g { G P x2 } 


V 


9k) 


and often denote its preimage by 


M {2) = GL^x •■•xGLf fc ) . 


We write P^ = Mp 'Np and denote its preimage by P^ 2 \ Then we have 

pG) = M { p ] N* P . 


Let us mention the following important fact. Let ZcL r Q GL r be the center of GL r . Then the 
preimage Zql t , though abelian, is not the center of GL r in general. It is the center only when 
r = 2q + 1 or F = C. If r = 2 q, the center Z^ is 

% Lr = {(aI n ():aeF x 2 ,e€{±l}}. 

From m , one can compute 

a r (al r ,a'l r ) = (a,a')u = (a,a')p r(r 

l<i<j<r 

Hence for either r = 2q or r = 2q + 1, ^gl,. is isomorphic to F x if q is odd, and isomorphic to GLi if 

- -— ( 2 ) -( 2 ) 

q is even. Also note that for r = 2q we have ^GL r C GL r and it is the center of GL r . 


Let 7T be an admissible representation of a subgroup H C GL r . We say 7r is “genuine” if each 
element (1,£) G F[ acts as multiplication by £. On the other hand, if tt is a representation of H, 
one can always view it as a (non-genuine) representation of FI by pulling back n via the canonical 
projection H —> H, which we denote by the same symbol tt. In particular, for a parabolic subgroup 
P, we view the modular character Sp as a character on P in this way. 

2.2. The global metaplectic double cover GL r (A). In this subsection we consider the global 
metaplectic group. So we let F be a number field and A the ring of adeles. We shall define the 2-fold 
metaplectic cover GL r (A) of GL r (A). (Just like the local case, we write GL r (A) even though it is not 
the adelic points of an algebraic group.) The construction of GL r (A) has been done in various places 
such as EHEEj. 

First define the adelic 2-cocycle r r by 

Tr{g,g') : = n T r,v(9v,9v), 

V 

for g,g' G GL r (A), where T r , v is the local cocycle defined in the previous subsection. By definition of 
T r , v . we have T r ^ v (g v ,g' v ) = 1 for almost all v, and hence the product is well-defined. 

We define GL,,(A) to be the group whose underlying set is GL r (A) x {±1} and the group structure 
is defined as in the local case, i.e. 

(9,0 • (<?', a = (gg', r r (g, g')^'), 

for g,g' G GL r (A), and £,£' G {±1}- Just as the local case, we have 


0 


GL r (A) 


{± 1 } 


GL r (A) 


V 


o, 
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where we call p the canonical projection. Define a set theoretic section k : GL r (A) —»• GL r (A) by 

g^(gA)- _ 

It is well-known that GL r (F) splits in GL r (A). However the splitting is not via n but via the 
product of all the local sections s r v . Namely one can define the map 

s : GL r (F) —»• GL r (A), g i-4 (g, s r (g ) 1 ), 

where 

s r (g) '■= 11^(3) 

V 

makes sense for all g G GL r (i 7 ') and the splitting is implied by the “product formula” for the block- 
compatible 2-cocycle. 

Unfortunately, however, the expression does not make sense for every g = Y\ v g v G 

GL r (A) because one does not know whether s rtV (g v ) = 1 for almsot all v. But whenever the product 
TI, s r , v (g v ) makes sense we denote the element ( g , ]”[„ s rtV (g v )~ 1 ) by s (g). This defines a partial global 
section s : GL r (A) —► GL r (A). It is shown in j T2] that the section s is defined and splits the groups 
GL r (F) and Np( A). Also s is defined, though not a homomorphism, on B( A) thanks to (12.41) . And 
the following will be used later 

Lemma 2.5. For g G GL T .(A) and n , n' € Np(A), the section s is defined on ngn!, and moreover we 
have 

s (ngn') = s(n)s(<7)s(n'). 

Proof. Let us first note that in fm Lemma 1.9], it is shown that both s (ng) and s(gn') are defined 
and moreover s (ng) = s(n)s(g) and s (gn') = s(g)s(n'). Namely the lemma holds for n = 1 or n' = 1. 
Hence it suffices to show s (ngn 1 ) is defined and s (ngn 1 ) = s(n)s(gn'). But if s r (ngn’) is defined, 

s r {ngn’) = a r (n,gn')s r (n)s r (gn')/Tr{n,gri), 

Note that here all of s r (n), s r (gn') and T r (n,gn') are defined. Moreover, locally a r (n v , gn v ) = 1 for 
all v by [BLS1 Theorem 7, p.153]. Hence s r {ngn') is defined. Thus s (ngn') is defined. Moreover, since 
a r {n,gn') = 1, we have s (ngn') = s(n)s(gn'). □ 

Analogously to the local case, if the partial global section s is defined on a subgroup H C GL r (A) 
and s |h is a homomorphism, we denote the image s (H) by H* or simply by H when there is no danger 
of confusion. 

We define the groups like GL r (A), Mp\ A), P^ 2 \ A), etc completely analogously to the local case. 

Also A x is a group whose underlying set is A x x {±1} and the group structure is given by the global 

Hilbert symbol analogously to the local case. Also just like the local case, the preimage i?GL r (A) of 

the center Z(A) is the center of GL r (A) only if r = 2q + 1. If r = 2 q, then the center of GL r (A) is the 

set of elements of the form (a/ r ,£) where a € A x2 and £ e {±1}, and ZcL r (A) is the center of only 

-( 2 ) 

GL,. (A). 

Let 7r be a representation of if (A) C GL r (A). Just like the local case, we call n genuine if 
(1,£) G if (A) acts as multiplication by £. If n is a genuine automorphic representation of GL r (A), 
then for each automorphic form / G n we have f(g,£) = ff{g, 1) for all (g,£) G GL r (A). Also any 
representation of 7f(A) is viewed as a representation of H( A) by pulling it back by the canonical 
projection p, which we also denote by ir. In particular, this applies to the modular character dp for 
each parabolic P( A). 
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We can also describe GL r (A) as a quotient of a restricted direct product of the groups GL r (F„) 
as follows. Consider the restricted direct product ]”[(, GL r (F, ; ) with respect to the groups k(K v ) = 
K(GL r (Op v )) for all v with v \ 2 and v \ oo. If we denote each element in this restricted direct product 
by n„(g t ,,£j,) so that g v £ K v and £ v = 1 for almost all v, we have the surjection 

(2.6) p : GL r (F v ) —> GL r (A), II v (gv>£,v) l— t {J^v9vi n„£„). 

V 

This is a group homomorphism by our definition of GL r (.F„) and GL r (A). We have 

GL r (F v )/ ker p = GL r (A), 

V 

where ker p consists of the elements of the form n„(l, £„) with £„ = —1 at an even number of v. 

Suppose we are given a collection of irreducible admissible representations n v of GL. r (F v ) such that 
7 r„ is /c(/T„)-spherical for almost all v. Then we can form an irreducible admissible representation 
of GL r (F„) by taking a restricted tensor product ®' v tt v as usual. Suppose further that kerp acts 
trivially on which is always the case if each tt v is genuine. Then it descends to an irreducible 

admissible representation of GL r (A), which we denote by ® v n v , and call it the “metaplectic restricted 
tensor product”. Let us emphasize that the space for CS> v tt v is the same as that for <g>(, 7 r„. Conversely, if 
7 T is an irreducible admissible representation of GL r (A), it is written as ( 8 >„ 7 r„ where tt v is an irreducible 
admissible representation of GL r (i r ’„), and for almost all v, ir v is K(/v„)-spherical. (To see it, view 7r 
as a representation of the restricted product GL r .(F„) by pulling it back by p and apply the usual 
tensor product theorem for the restricted product, which gives ®' v n v , and it descends to ® v n v .) 


2.3. The block-compatibility for GL r (A). We need to address an issue on the block-compatibility 
of the global metaplectic double cover GL r (A). As we already mentioned, one cannot define GL r (A) 
by using the block-compatible local cocycles oy, but instead one needs to introduce the cocycle T r 
which is not known to be block-compatible. To get around it, one needs to introduce an intermediate 
cocycle rp for each parabolic subgroup P. 

Let P( A) C GL r (A) be a parabolic subgroup whose Levi part is A/p (A) = GL ri (A) x • • • x GL rfc (A). 
We define a 2-cocycle rp on A/p (A) by 


(2.7) 



(g'l 


9k) \ 



k 

n T n(9i’9i) II (det( 5 i)>det(s'.)) A , 

i =1 1 <i<j<k 


where (—, —) A is the global Hilbert symbol. We define the group c Afp(A) to be Afp(A) x {±1} as a 
set and the group law is given by this cocycle rp. Then it is shown in |T2j that 

C M P = M P . 


Namely the cocycle Tp is cohomologous to tv| Mp (a)xMp(a)- 


2.4. The metaplectic tensor product. In this subsection, we assume F is either a number field or 
a local field. Let P C GL r be a parabolic subgroup whose Levi part is Mp = GL ri x • • • x GL rfc . Given 
irreducible admissible representations (or automorphic representations) 7 Ti,..., Tip of GL ri ,..., GL rfc , 
we would like to construct a representation of Mp that can be called the “metaplectic tensor product” 
of 7 Ti,... , 7 Tfc. However unlike the non-metaplectic case, the construction is far from trivial, because 
A/p is not the direct product GL ri x • • ■ x GL rfc , and even worse there is no natural map between 
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them. The construction of the metaplectic tensor product for the local case was carried out by Mezo 
in I Me and the global case was carried out by the author in [T2] . In what follows, we will briefly 
recall this construction. 

Assume F is local. Let 7r,- 2 ^ be an irreducible constituent of the restriction 7Tj|~(2) . Then the 

GL r . (F) 

( < 2 '\ ( 2 ^ '—■— ( 2 ) 

(usual) tensor product 7r) <8> - - • <g> 7 , which is a representation of the direct product GL ri (F) x 

'—(2) /o') ^ /o\ -—'— (o\ 

• ■ • x GL rfc (F), descends to an irreducible admissible representation 7r) ’ 0 ■ ■ ■ 0 -k), ’ of Mp ’(F) = 
-(2) ~ -(2) 

GL ri (F)x xGL r( , (F). Let w be a character on the center Z^ (F) such that u agrees with 
7 r) ; 0 • • • 0 ; on the overlap Z(F) (~l Mp (F), so that we can extend tt\ ; 0 • • • <g> n) ’ to a rep¬ 

resentation of Zql (F)Mp^ ( F ) by letting Z(F) act by w, which we denote by w(7r[ 2 ^ 0 • • • 0 n^). 
Now extend it to a representation of some subgroup H(F ) C Mp(F ), so that the induced represen¬ 
tation Ind^^^ w(7t[ 2) 0 ••• is irreducible. Then Mezo has shown that this induced repre¬ 

sentation is independent of all the choices made except the character u>. We denote this induced 
representation by 

Fu := (7Tl 0 • ■ • 0 7Tfc)u, 

and call it the metaplectic tensor product of 7Ti,..., 7Tfc with respect to the character ui. Moreover one 
can show that the induced representation Ind Mp ^ ~ (2) w^ 2 '* 0 • • • 0 7 t[ 2 ' ) ) not only contains 7r w 

Z GL r \ F ) M p ( F ) 

but any of its constituent is (isomorphic to) 7r w . Let us mention that if r is even we have the situation 
Zgg (F) C Mp (F), in which case there is no choice for w and the metaplectic tensor product is 
canonical and we sometimes write simply 7Ti 0 — (g) 7Tfc. 

Next assume F is global, and assume all the 7r,; are irreducible unitary automorphic representa- 

-- , 2 ) -(2) 

tions of GL r< (A). Let 7r> ’ be an irreducible constituent of the representation of GL r (A) obtained 

— (2) 

by restricting the automorphic forms in 7r,; to GL r (A). One can construct an “automorphic rep- 
resentation” 7r) ’ 0 • • ■ 0 1 analogously to the local case. Let w be a Hecke character of Z (A) 

such that to agrees with 7rJ 2 * <g> • • • <g>7 t£ 2 ' > on the overlap Z gg (A) (~l Mp\ A). Then essentially in the 

analogous way to the local case, one can construct an automorphic representation tt u of Mp{ A), which 
is independent of all the choices made except w, such that 

~ / 

i.e. it is the restricted metaplectic tensor product of the local metaplectic tensor products f u]v . Just 
like the local case we write 7r w = (7Ti 0 ■ ■ • 0 7^)^. 

In IT2] it is shown that the metaplectic tensor product behaves just like the usual tensor product 
for the non-metaplectic case. First of all, the cuspidality and square-integrability are preserved. 

Proposition 2.8. Assume F is global. If each 7r,; is square-integrable modulo center (resp. cuspidal), 
then the tensor product (7Ti 0 ••• ®nk)uj is square-integrable modulo center, (resp. cuspidal). 

The metaplectic tensor product behaves as expected under the action of the Weyl group element. 
Namely, 

Proposition 2.9. Let w G Wm be a Weyl group element of GL r that only permutes the GL ri -factors 
of M. Namely for each (gi,...,g k ) G GL ri x ■••xGL rfc , wehavew(gi,...,g k )w~ 1 = {g a (i), ■ ■ ■ ,g<r(k)) 
for a permutation a G S k of k letters. Then both locally and globally, we have 

W (ki 0 • • • 07Tfc) w ^ (7T 0 .( 1 ) 0 • • • 0 7T o .(fc)) w , 

where the left hand side is the twist of 0 • ■ • 0 7Tfc) CJ by w. 
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The metaplectic tensor product is compatible with parabolic induction. 


Proposition 2.10. Both locally and globally, let P = MN C GL r be the standard parabolic subgroup 
whose Levi part is M = GL ri x • • • x GL rfe . Further for each i = 1,..., k let Pi = MiNi C GL n be 
the standard parabolic of GL n whose Levi part is Mi = GL r i x • • • x GL r i . For each i, we are given 
a representation 


&i ■= Obi ® • • • <S> T iM ) u . 


of Mi, which is given as the metaplectic tensor product of the representations r^i,... , 7 ^ o/GL r t,..., GL, 

GL 

respectively. Assume that ir-i is an irreducible constituent of the induced representation Ind~ r * ct;. 
Then the metaplectic tensor product 


TT U ■= { 7Tl ® • • • <S> TT k )u 


is an irreducible constituent of the induced representation 

Ind<=f( T 1,1 § • • • § n,h ® • • • <§> T k ,i <§■■■<§) T k ,i k )cj, 

where Q is the standard parabolic subgroup of M whose Levi paid is Mi x ••• x M k . (Here “irre¬ 
ducible constituent” can be replaced by “irreducible quotient” or “irreducible subrepresentation”, and 
the analogous proposition still holds.) 


The global metaplectic tensor product behaves nicely with restriction to a smaller Levi in the 
following sense. 


Proposition 2.11. Assume F is global. 

(a) Let 

M 2 = GL r2 x • • • x GL rfc C M = GL ri x GL r2 x • • • x GL rk 

be the natural embedding in the lower right corner. Then there exists a realization of the metaplectic 
tensor product 7 r w = Oi ® • • • ® TTk)ui such that for each f € tt and the restriction f |^ 2 ( A ) we have 

/Im 2 (A) e ® rn 5 (7r 2 ® ®n k ) us , 

<5eGL ri (F) 

where (k 2 0 • • • ® 7 ik)ui s is the metaplectic tensor product of n 2 ,... ,nk, cos is a certain character 
twisted by 5 £ GL ri ( F ) and ms £ Z-° is a multiplicity. 

(b) Let 

Mz = GL ri x • • • x GL I , fc _ 1 CM = GL ri x • • • x GL rfc _ x x GL,. fc 

be the natural embedding in the upper left corner. Then there exists a realization (possibly different 
from the above ) of the metaplectic tensor product i = (n i ® • • • ® Tr k )uj such that for each f £ it 
and the restriction /|jf/( A ) we have 

/Im'(A) e ® TO «'Oi ® iW. 

5'eGL rfc (F) 

where Oi ® • • • ®TTk-i) Us , is the metaplectic tensor product of it\, ... ,n k -i, cos' is a certain char¬ 
acter twisted by 5' £ GL rfc (F) and ms 1 £ Z-° is a multiplicity. 


Finally let us mention that the uniqueness of the metaplectic tensor product. 
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Proposition 2.12. Let F be global (resp. local). Let 7Ti,..., 7Tfc and tt'±, ... ,n' k be unitary automorphic 
representations (resp. irreducible admissible representations) of GL ri ,..., GL rj .. They give rise to 
isomorphic metaplectic tensor products with a Hecke character (resp. character) u, i.e. 

(7Ti 0 • • ■ 0 7T fc ) w = (7r( 0 • ■ • 0 7Tfc) w , 

- -( 2 ) 

if and only if for each i there exists a Hecke character (resp. character) oji of GL n trivial on GL r . 
such that 7 Ti = LOi 0 7 r'. 


3. Exceptional representations of GL r 

In this section, we review the theory of the exceptional representation of GL r , a special case of 
which is the Weil representation on GL 2 . Throughout the section \ will denote a unitary character 
on F x when F is local or a unitary Hecke character on A x when it is global. 

3.1. The Weil representation of GL 2 . First let us review the theory of the Weil representation of 

GL 2 


Local case: 

Let us consider the local case, and hence F will be a (not necessarily non-archimedean) local 
field of characteristic 0. Everything stated below without any specific reference is found in [GPS, 
§ 2 ] for the non-archimedean case and in m §4] for the archimedean case. Let S(F) be the space of 
Schwartz-Bruhat functions on F, i.e. smooth functions with compact support if F is non-archimedean, 
and functions with all the derivatives rapidly decreasing if F is archimedean. Let r^ denote the 
representation of SL 2 (F) on S(F) such that 

(3-1) ^(s^ q j)/W=7W/W 

(3.2) r v ’(s ^ ^ )f(x) = ip(bx 2 )f(x), beF 

(3.3) r^(s a °^j )f(x) = \a\ 1/2 p^{a)f(ax), a <= F x 

(3-4) r^(l ,£)f(x) = £f(x), 


where f(x) = f f{y)ip(2xy) dy with the Haar measure dy normalized in such a way that fix ) = f(—x). 
Also 7 {ip) is the Weil index of if, and p^{a) = 'y(V’a)/'7('0) ■ (See [R, Appendix] for the notion of Weil 
index.) It is well-known that is reducible and written as = rf ®r*, where r+ (resp. v(_) is an 
irreducible representation realized in the subspace of even functions (resp. odd functions) in S{F). 

If x(—1) = 1 (resp. x(~ 1) = — 1)> one can extend r+ (resp. rtf) to a representation of GL 2 (F) 
by letting 

(3.5) r x( s (o a 2 )^^ =x(a)|ar 1/2 /(a _1 a;). 

-— (2) 

This is indeed a well-defined irreducible representation of GL 2 (F) and call it the Weil representation 
— (2) . 

of GL 2 (F) associated with y. We denote by S X (F) the subspace of S(F) in which r£ is realized, 
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which is the space of even functions if x(—1) = 1 and odd functions if x( — 1) = — 1. Note that 
(3.6) r x( s ((o = X(a)^( a )f( x )- 


The Weil representation r x of GL 2 (F) is defined by 


r 


x 


:= Ind 


GL 2 (F) 

Gl‘ 2 ) (F) 


r 


i!> 

x' 


Then r x is irreducible and independent of the choice of ip, and hence our notation. If x( — 1) = 1, 
one can check that r x is the exceptional representation of Kazhdan-Patterson for r = 2 with the 
determinantal character x^ 2 , which will be recalled later. If x(—1) = — 1, then r x is described as 
follows: For non-archimedean F, it is supercuspidal f lGPSl Proposition 3.3.3]), for F = M, it is a 
discrete series representation of lowest weight 3/2 f lGPSl § 6 ]), and finally for F = C, it is identified 
with a certain induced representation f |GPSl § 6 ]). 


Global case: 

We define the global Weil representation r x of GL 2 (A) as the restricted tensor product of the local 
Weil representations, i.e. 

r x = C r x„ ■ 

It is shown in lGPS| § 8 ] that r x is a square integrable automorphic representation of GL 2 (A), and 
moreover it is cuspidal if and only if x 1 ^ 2 does not exist. Also one can see that if x 1 ^ 2 exists, then 
just like the local case, r x is the exceptional representation of Kazhdan-Patterson for r = 2, which 
will be explained later. 


3.2. The Weil representation of Alp. Let us assume r = 2q and P is the (2,..., 2)-parabolic 
P 2 ,..., 2 , so that 

Alp = GL 2 x • • • x GL 2 . 

q times 

Recall from Section [2] that we write 

A/Ip = GL 2 x • • • xGL 2 . 

Since each element in the center Z is of the form (a 2 / 2g ,^), we have C Mp\ Hence the 

metaplectic tensor product of this Levi is unique. (In other words, there is only once choice for cu.) 

We extend the theory of the Weil representation both locally and globally as discussed in the 
previous subsection to the group Alp by taking the metaplectic tensor product of q copies of the Weil 
representation of GL 2 , and write 

(3.7) H x := (r x <§ <g>r x ) w , 

where to is the unique choice for the character Z^ which is actually given by (a 2 / 2g ,£) Cx/o 2 ) 9 - 

Also it should be mentioned that locally we have 

n x = iHd-w 

We call n x the Weil representation of Mp. 
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3.3. Non-twisted exceptional representation. Let us now consider the non-twisted exceptional 
representation of GL r developed by Kazhdan and Patterson in m- We treat both r = 2q and 2q +1 
at the same time. Also most of the time, we consider the local and global cases at the same time, and 
all the groups are over the local field F (non-archimedean or archimedean) or the adeles A. 

For our character x, we let 



r times 


which is a representation of the metaplectic preimage T of maximal torus T. Note that f l x depends 
on u! if r = 2q + 1, but we suppress it from our notation. For each v G $s(C), let us define 

:= (g) exp(^, H B {—)) 

where Hb{—) is the Harish-Chandra homomorphism as usual. Note that exp(2p B , H B {—)) = S B . 
Then it is shown in m that the induced representation Ind ~ Lr fl x has its greatest singularity at v = 

p B / 2, and the quotient of Ind~ Lr = Ind~ Lr Q x <S> S^ 4 is called the exceptional representation. 

Namely, we have 

Proposition 3.8. The induced representation Ind(g> S^ 4 has a unique irreducible quotient, 
which we denote by 9 X . For the local case, it is the image of the intertwining integral 

Ind &* ® 4 /4 -»• Ind f N f wo (Sl x ® <# 4 ), 

where wq is the longest Weyl group element. For the global case, it is generated by the residues of 
the Eisenstein series at v = p B /2 for the induced space Ind~ Lr ttf, and 9 X is a square integrable 
automorphic representation o/GL r (A). Moreover for the global 6 X , one has the decomposition 9 X = 

Proof. See [KPl Theorem 1.2.9] for the local statement and [KFj Theorem II.2.1] for the global one. □ 

We call the representation 9 X the non-twisted exceptional representation of GL r with the determi- 
nantal character It should be mentioned that if r = 2, 9 X is isomorphic to the Weil representation 
r x 2 . Note that just as f l x , 9 X depends on w, but we suppress it from our notation. 


Let us mention that a small discrepancy between the exceptional representation defined above and 
the one in ITU which is defined as follows. First for the maximal torus T C B, we let 


/ A 


(3.9) 


T e = { 


GT 


^ 1^2 


i ^ 3^4 i 


.* 2,-1 tf 4 are squares}. 


The metaplectic preimage T e of T e is a maximal abelian subgroup of T. Then in ITlj the non-twisted 
exceptional representation of GL r was defined to be the unique irreducible quotient of the induced 
representation Ind~ L ,A uilf ® d X J 4 , where is the character on T e defined by 

I e Ng A. D A. 

(3.10) ujf'd l,£)s(i)) =Cx(dett)/i^(t 2 )/Uv>(A)Mv>( i 6 )---Mb( i 2 ? ), 

where py, is the ratio of the Weil indices. (Note that even when F is global, the section s is defined 
on Ta and the expression s(t) makes sense.) However the exceptional representation defined this way 
coincides with the above 9 X with a certain choice of u>. To see this, let us first assume that F is local, 
and define 

:= Ind . 
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This is irreducible ( iKPl p.55]). Indeed 

= ■■■ ®x)», 


where each \ is the non-genuine character on GLi defined by (a, £) £x( a ) and the character ui on 

the center Z is given by 

<jj(al r , £) =£,X r (a)^{a) q . 

By inducing in stages, one can see that 


Ind 


GL r ib 
~ r ( 
T e Ng X 


i 4 /4 = Ind| Lr ® 6 


1/4 
B 5 


which implies that the non-twisted exceptional representation in m is precisely our d x with the 
above chosen u>. Now if F is global, we can define f2^ to be the global metaplectic tensor product 
(X® ®x)w with u> chosen in the same way as the local case, and hence the global exceptional 
representation 9 X is obtained as the quotient of the global induced representation Ind~^ A ^ f2^ ® 6g 4 , 
and we have 9 X = ® v 9 Xv , which again coincides with the global non-twisted exceptional representation 

in 1111- 


Remark 3.11. It is important to note that the above discussion shows that in KH only one particular 
central character u> was used, which depends on the additive character if chosen. (But it is shown in 
[Tl] that after all it depends on rp only when both r and q are odd.) In this paper, however, we always 
assume oj is arbitrary. Indeed, it is crucial to do so when we compute the poles of our Eisenstein 
series as we will see later. Nonetheless, it should be also mentioned that to obtain the Rankin-Selberg 
integral of the L-function, it is necessary to choose the particular u> as above. 


3.4. Twisted exceptional representation. Next we consider the twisted version of the exceptional 
representation of GL r when r = 2 q. The local case was originally constructed by the Ph.D thesis by 
Banks j 1 i f when the residue characteristic is odd, and the other cases are taken care of in m- 
Let P be the (2,..., 2)-parabolic whose Levi Mp is GL 2 x • • • x GL 2 (g-times), and II X the Weil 
representation of Mp as in & For each v G $p(C), let us define 

II X := n x ® exp(u, Hp(-)) 

where Hp(-) is the Harish-Chandra homomorphism. Analogously to the non-twisted exceptional 
representation of m, the induced representation Ind~ Lr W) has its greatest singularity at v = pp/2, 

and the quotient of Ind~ Lr ' II X P ^ 2 = Ind~ Lr II X ® 5 X J 4 is called the twisted exceptional representation. 
Namely, we have 

Proposition 3.12. The induced representation Ind~ L2<! II X ® S 4 J 4 has a unique irreducible quotient, 
which we denote by d x . For the local case, it is the image of the intertwining integral 

Ind^ 2 " n x ® Sp 14 —> Ind~ L2<! “°(n x ® dp /4 ), 

where wq is the longest Weyl group element relative to P. For the global case, it is generated by 
the residues of the Eisenstein series at v = pp/ 2 for the induced space Ind~ Lr II x , and d x is a 
square integrable automorphic representation of GL 2 ? (A). Moreover for the global d x , one has the 
decomposition D x = ® v '& Xv . 

Proof. See [Til Proposition 2.35] for the local statement and [Tli Theorem 2.33] for the global state¬ 
ment. □ 
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We call d x the twisted exceptional representation of GL 2 q . Both locally and globally, if x 1 / 2 exists, 
one can show that 

^x = e x 1 ' 2 ■ 

This is because the Weil representation r x is the non-twisted exceptional representation of GL 2 with 
the determinantal character x 1,/2 . 

Remark 3.13. Let us note that unlike the case r = 2q-\-l, there is no choice for the central character 
ui for constructing the metaplectic tensor product II X and hence d x depends only on x■ Accordingly 
there is no discrepancy between 9 X here and the one in m- 


4. Induced representations and intertwining operators 

Let 

Q = Pr- 1,1 = (GL r _! X GU)Nq 

be the standard (r — 1, l)-parabolic of GL r , so the Levi part is GL r _i x GLi. The inducing data for 
the Eisenstein series we consider in this paper is a residual representation on the parabolic Q. In this 
section, we first define the inducing representation, which we called the exceptional representation 
of GL r _ixGLi in m ]• This representation is the metaplectic tensor product of the exceptional 
representation 9 X or d x of GL r _i and a character on GLi. (The precise construction differs, depending 
on the parity of r.) Then we will examine the analytic behavior of the intertwining operators on this 
induced representation. The main object of this section is to prove Theorem 14.31 


4.1. The inducing representation for r = 2q. In this subsection we assume r = 2q and F can be 
both local and global, and for example the group GL r denotes both GL r (E) (F local) and GL r (A) 
(F global). Let 9 X be the non-twisted exceptional representation of GL r _i with the determinantal 
character x- For a character 77 on GLi, define fj : GLi — > {±1} to be the character defined by 
77 ( 0 , £) £ 77 ( 0 ) for (a, £) e GLi. We let 

:= (Ox ® V)u 

' "( 2 ) 

i.e. the metaplectic tensor product of 9 X and 77. Note that since Q Mq , there is no actual 

choice for the character ui. 

It should be mentioned that even when r = 2q + 1, one can define 9 X , (which is equal to d x 2 ) and 
hence can define 9 X ^, though most of the time we use the representation 9 XtTI for the case r = 2 q. 

Let us mention that what we denoted by 9 XtV in m corresponds to what we mean by 9 XtXV in 
this paper. The reason is because at the time we wrote HU we did not know how to formulate the 
global metaplectic tensor product and as a result we constructed the representation 9 XtV more directly 
as the unique irreducible quotient of an induced representation. But now that we have developed in 
|T2j the theory of global metaplectic tesnor products, which includes the compatibility with parabolic 
inductions fProposition 12.101) . one can see that the construction in [Til is indeed the same as the one 
above. Namely the representation 9 X ^ V is, locally or globally, a unique irreducible quotient of 

Ind 5(X ® • •' §> X ® ® 1 , 1 , 


where B r 1,1 is the Borel subgroup of Mq = GL r _i x GLi, namely B r 1,1 = Mq n B. 
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4.2. The inducing representation for r = 2q + 1. Next we will consider the case r = 2q + 1. Also 
keep the notation for F from the previous subsection, namely F is either local or global. Let fj be as 
before and d x the twisted exceptional representation of GL 2g , where we include the case X 1 ^ 2 exists. 
Then we define 

&x,v := (&x ® n)u>- 

Note that if xf^ 2 exists, we have = 9 X 1/2 „. 

Remark 4.1. Let us mention again that in nn a particular central character u is chosen. Indeed, 
we used 

w : (1,0 s Q(al r ) £x{a) q 7i(a)n^{a) q , 

which depends on if (and only if) q is odd. However in this paper, ui is always arbitrary. 


Just like the case for r = 2 q, the compatibility with parabolic induction for metaplectic tensor 
products (Proposition 12.101) implies that i? XiJJ is a unique irreducible quotient of 

lnd A ~Zi,i (r x ® • • ■ <g> r x <g) fj) u <8> ^pC-i.i , 

^2 ,..., 2,1 ^2 ,..., 2,1 

where 7. 21 (2,...,2, l)-parabolic subgroup of Mq , so the Levi part is GL 2 x • • • x GL 2 x GLi. 


4.3. The intertwining operator and its analytic behavior. Let 9 = 9 x<ri or depending on 
the parity of r and assume F is global. Define 


(4.2) 


1 ' 


Ir- 


r—2 


W\ = < 


i\ 


Ir- 


r—4 


IV 1 


if r = 2 q; 


if r = 2q + 1 . 


In the rest of the section, we will consider the analytic behavior of the global intertwining operator 
A(s ,«,»,): e 8 „_ 1(4) -9 ® V. 

and will show 


Theorem 4.3. Let us exclude the case that r = 2 and x 2 V 2 = 1. Then for Re(s) > 0, the above 
intertwining operator A(s,9,w 1 ) is holomorphic except when the complete L-function L(r(2s + 1) — 
r + 1, X 2 V 2 ) (tf r = Id) or L(r(2s + ^) — r + 1, XV~ 2 ) (if r = 2g + 1) has a pole; In other words, if 
r = 2 q, it has a possible pole if and only if x 2 ^ 2 = 1 an d s £ { j, j and if r = 2q + 1, it has a 

possible pole if and only if XV 2 — 1 an d s £ {^, 1 — A-}. 

Further if f s = is a factorizable section and S is a finite set of places which contains all 

the archimedean places and all the non-archimedean places v at which /* is not spherical. Then the 
noi'malized intertwining operator 


L s (r(2s + I),x 2 V 2 )A(s,9 1 w 1 )/ s , ifr = 2q 
L s (r{2s + |), xv~ 2 )A(s, 9, w\)f s , ifr = 2q+l, 


is holomorphic for all s £ C except when the complete L-function L(r(2s + 1) — r + 1, x 2 V 2 ) (resp. 
L(r(2s + 1) — r + 1, XV~ 2 )) has a pole. 
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The rest of the section is devoted to the proof of this theorem, which, as we will see, boils down to 
determining the possible poles of the local intertwining operator. 

4.4. Unramified place. To prove the above theorem, we first need the following result on the un¬ 
ramified place. 

Lemma 4.4. Let r = 2q or 2q + 1. Also assume F is a non-archimedean local field of odd residue 
characteristic. Further assume that x, V and ui are all unramified. Consider the intertwining operators 

A(s, e Xtr ,, Wl ) : Indf 2 * 9 X „ ® S' Q -+ Ind^ Qjv , ^ ^ (9 X , V ) 0 Sq S , (r = 2 q) 


A(s, Wl ) : I n d ~ L2<!+1 fi XiT1 (g) Sq —> Ind ^ 1 


GL2g + l 


MqN* 


H&xm) ® <V> (r = 2q+ 1 ), 


where W\ is as in El- 


If fo S Ind~ L25 ®x,r) ® Sq (or lnd~ IJ29+1 ®Sq) is the spherical section such that f(j (1) = 1 , then 


1 GL/2g-j-l 


(4.5) 

(4.6) 


A(s,e x ^,w-i)f^(i) = 


L(r{2s+ \) - r + l,x 2 V 2 ) 
L(r(2s + b),X 2 V~ 2 ) 


(r = 2 q)- 


A , Q L(r(2s + I) — r + l,xv 2 ) , 0 , ^ 

4 (s^ot.®i)/o( 1)=- w , h -ZoT-> (r = 2g+l). 


L(r(2s 


, XV~ 


Proof. This is [Til Lemma 2.58]. Note that in [Tl] we used wo = (j rl 1 ) instead of the w\ of the 
lemma, but one can verify that the results are the same because we have wi = (i r _ 1 1 ) ( w ' 1 ), where 


Ir-2 


w = 


Ir—A 


l Vi 


A 




if r = 2q; 


if r = 2q + 1 , 


and x ) € Mq(Of )• Also note that in [Tlj a specific u was used but the proof there applies to 
any oj. □ 

Remark 4.7. Note that for the case r = 2q + 1, if x is unramified, x 1 / 2 exists, and hence one has 
^x,v = @x 1/2 v Th en one can see that the formula for this case is actually subsumed under the formula 
for A(s, 0 x i/ 2 j7) , wi)/q ( 1 ) as in the r = 2q case. 

4.5. Proof of Theorem 14.31 (r = 2 q). Let us consider the case r = 2 q, so 0 = 9 X ^ V . This case is 
essentially the case treated by m- However, as we pointed out in ED, the argument in jBGl does 
not seem to work when they use an asymptotic formula on matrix coefficients at the archimedean 
place, and hence we will give an alternate argument, which follows the idea given by Jiang PH 84-86] 
though we use many of the ideas from m- 

First note that for a factorizable f s = € Ind~E^ $ < 8 > Sq, one can, by Lemma l4~4l write 


A{s,9,w 1 )f s = 


L(r(2s + I) - r+ l,x 2 V 2 ) 
L(r(2s + \),X 2 il~ 2 ) 


L v {r{2s+ z),xlv v ) , , „ 

3 o 7 A v (s,9 v ,w 1 )f v 


L v (r(2s + 5 ) — r + 1, XvVv ) 
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which gives 


(4.8) 


A*{s, 9, wi)f s 

=L s {r{2s + i), x 2 V~ 2 )A(s, 9, Wl )f s 


=L(r(2s + -)-r + l,x 2 V 2 ) | 


ves L v (r(2s + §) - r + 1, xlVv 2 ) 


— 2 \ A y (-5, 9 V , w ±) f v 


L v (r(2s + 5 ),xX ) 


L v (r(2s + |) - r + 1, xlVv 2 ) 


— 2 \ Avis, 9 V ,W\)f y ], 


where S, which depends on /*, is as in Theorem l4.3l By Lemma ITT! and our choice of S, the product 

L v (r(2s + 7j)-,XvVv 2 ) A , „ w , 

® r , K -—:— 

«gS-L„(r-(2s + 3 )-r +l,x„f?« ) 

is holomorphic. Also for Re(s) > 0, the normalizing factor L s (r(2s + \),X 2rr l~ 2 ) is non-zero holomor- 
phic, and hence in this region the poles of A(s, 9, wq)/ s coincide with those of A*(s, 9 v ,wi)f s . 

Hence to prove Theorem 14.31 it suffices to show that the local “modified intertwining operator” 


L v (r(2s + b)~r + 1, xlVv 2 ) 


zpt -A v (s,9 v ,w 1 ) : Ind~'T (F ”' ) 6 V <g) <5; 


Q{Fv) 


-►Ind 


GL r (E„) 


Wi e v ®6, 


Q 


is holomorphic for all s £ C. Thus the question is now completely local, and hence in what follows, 
we will omit the subscript v and assume that everything is over the local field. 

Recall that the representation 9 XtV is the metaplectic tensor product 9 XtV = (9 X 0 fj) u for an ap¬ 
propriate w, and further recall that the representation 9 X is the exceptional representation with the 
determinantal character \ which is an irreducible subrepresentation of the induced representation 
ind~ L ”7 1 (x® <8 >x)u ® (unnormalized induction) for an appropriate w, where B r ~ l is the 

Borel subgroup of GL r _!. Hence by Proposition 12.101 we have 


e x,ri = (°x ® v)u C ind|^ 1 1 1 xGLl (x 0 • • • <8> X ® v)u ® ^- 1,1 

for an appropriate w, where R r_1,1 is the Borel subgroup of GL r _i x GLi. By inducing in stages we 
have 

ind~ L ” 9 XiV 0 (5q +2 C ind| Lr (x 0 ®>X0rj)uj0 ^- 1,1 2 ■ 

By using the normalized induction, we have 

Ind~ Lr 6 XtV 0 S s Q C Ind| Lr (x ® • • • § x® v)u 0 6 q- 

Furthermore the metaplectic tensor product (x® ■ ■ ■ 0 X 0 fj)u is a representation of the Heisenberg 
group T, and hence it is induced from a representation of the maximal abelian subgroup T e , where 
T e is as in m- Indeed, we have 

(X ® • • • 0 X 0 v)u = Ind ~ e uJ XtV 
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for a character w Xi?7 : T e —> C 1 with the property that the restriction to is x (S> ••• 


namely 


c,v( s ( 


(A 


\ 


)) = X(tl)---X(t 2 r . 1 )v(t 2 r ). 




(One can write down w x>r) more explicitly but we will not need it for our purposes.) Therefore we 
have 

Ind~ Lr 9 XtV <8> S S Q C Ind~^ uj X iV ® 8 ~H\ A 8 S Q , 


(4.9) 


and accordingly we can view each section f s G Ind ~ Lr 9 XiV < 8 > 8 q as an element in the induced repre- 

sentation Ind~^ w Xl ?j < 8 > ^or-i.i^Q- 

Now we would like to study the analytic property of the integral 


For this purpose, let 
(4.10) 


A(s,e, Wl )f s (g)= [ f s (s( Wl n)g)dn. 



( 1 \ 


/ 


W 0 = Jr = 

Jr—2 

V ) 

= 

V 

) 


be the longest element in the Weyl group. We use the following by-now well-known lemma, which 
seems to be sometimes known as the Rallis lemma. 


Lemma 4.11. The highest pole of the intertwining operator ^4(s, 0, ui\) is achieved by A(s, 9,wi)f s (s(wo)) 
as the sections f s run through those sections with supp(/ s ) C QwqQ. 

Proof. Several versions of this lemma can be found in various places such as (PSR1 Lemma 4.1] and 
IShll Lemma 4.1], and our case is the metaplectic analogue of [JIJ Lemma 2.1.1], □ 

We should also mention 

Lemma 4.12. Let f s be as in the above lemma, so that supp(/ s ) C QwqQ. Let N C Q be a subset of 
Q such that wqNwq 1 fl Q = {1}. Then for each fixed q £ Q, the map on N defined by f s (qwon) 
is compactly supported. 

Proof. Note that since f s is in the induced space, it is compactly supported modulo Q. Now since 
wqNwq 1 fl Q = {1}, the natural map N —> Q\QwqQ given by n >—> Qwon is 1-1. Hence the lemma 
follows. □ 


Now by Lemma 14.111 we have only to show 
(4.13) 1 


L(r(2s + \) - r + l,X 2 V~ 2 ) 
is holomorphic with f s as in the lemma, where 


A(s,9,w 1 )f s (s(w 0 )) 


A(s 1 9,w 1 )f s (s(w 0 )) = 
Let us write each n G as 




f s {s(win)s(w 0 ))dn. 


n = 


1 Z y\ 

Ir-2 

1 i 
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By direct computation one can verify 

'1 


w\nwo = 


Jr -2 

K y zJ r -2 1, 

y _1 - Zy - 1 l' 

Jr—2 

y, 


provided y ^ 0. Hence 

s(win)s(w 0 ) = (1, e)s( I 


/ 1 1 
Jr—2 


\ 

(l ZJ r _ 2 y 1 y 1 \ 

W 0 

l 

c. 2 1 J 

A 


(l ZJr^y - 1 

J 

)s (?«0 

I r —2 

V 


for some e = e(y, Z) € {±1}, which a priori depends on y and Z. (One can compute e by using the 
algorithm for computing the cocycle ay developed in jBLSj , and can actually verify that e = 1 for any 
y and Z. But since this computation is extremely tedious, though not so deep, and for our purposes 
we will not need the precise information on e, we will leave e as above.) 

With this computation for s(win)s(wo) one can write 


>N i,, 


f s (s(wm)s(wo)) dn 


F x JF r ~ 2 


e /‘H 


-y- 1 -Zy~t 1 

Jr -2 


'1 ZJ r _ 2 y 1 y 1N 
)s(ui 0 I Jr —2 


[ [ e| V 1 | 4< - r 2 )+s+ 2|2/|( 1 r)(s+ 2 ) (x0 • • ■ <8>X§ l? ?)w s ( I 

JF x JF r ~ 2 


1 

0,-1 


/ S (s(wi 0 

/l Z J r — 2 y 1 y 1N \ 

Jr- 2 )) dZdy 

V 1 / 


3 1 ~ ~ ~ (~ V 

t\y\- rs ~ 

4 " +2 (x0 ••• 0X®y)^ s ( 


Ir-J 


IF x J F r ~ 2 


f S (s{w 0 


'1 ZJ r _ 2 y 1 y 1N 


L r -2 


)) dZdy, 


)) dZdy 



where we should note that dy is the additive measure and the integral over F x is the same as 
the integral over F because those two sets are equal almost everywhere. By changing the variable 
ZJ r - 2 y ~ 1 ^ Z, then changing the additive measure dy to the multiplicative measure d x j/, and then 
changing the variable y~ x i-y y, one can see the above integral is written as 




* r+ Hx® ••• s( 



Jr—2 



z 

Jr -2 



dZd x y 


for some e' = e'(y, Z) g {±1}. 




22 


SHUICHIRO TAKEDA 


Now let ai,...,ai be a complete set of representatives of F x2 \F x . Then the above integral is 
written as 


E 


— xa,i 


' JPX2 J pr-2 


e'i\xai\ rs 4r+2 (x® ‘I 


It -2 


(xai) 


-l 


)) 


f s (s{w 0 


1 Z xaF 


Ii —2 


1 


dZd x x 


for a certain choice of the measure d x x on F x2 and some e- = e[(x,Z) £ {±1}, which is further 
written as 


E 


e i\ xa i\ rS “ r+2 (X® ‘ ' • ®X®??)^( S ( I Ir-2 


’ px2 J pr-2 


-1 


)) 


/■(s(l 


Ir- 


r—2 


Ir-2 Xai h) 


dZd x x. 


Recall from (Id.91) that we can view the section f s as an element in the induced space Ind-^., u} XtV < 
and hence the above integral is written as 
i 


(4-14) £ 


i =1 


’ px2 J pr-2 


e i\ xa i\ rS 4 2 X{x)ll(x) 


-1 


/*(»<! 


Ir-2 


/ 1 Z Xdi 
)s(w 0 I Ir-2 


1 


dZd x x. 


Note that 

( 1 Z xa 

Ir-2 

1 

and hence we can apply Lemma Id. 121 to the map 


w n = 


1 

Ir-2 
l Xdj Z 1 , 


(x,z)^r{s(\ 

which implies that the one can write 




L r—2 


\ /I Z Xdi \ 

i j)s(w 0 | Ir -2 J)J, 


e'/ s (s(| 


i-r-2 


)s(w 0 


a „■ 


1 Z XdF 

Ir ~ 2 )) = E X (s)<t>(x)(t>\ z ) 


1 


A ,</>,</>' 


for some holomorphic functions A and smooth compactly supported functions <f> and (j)’ on F and 
F r ~ 2 , respectively. Hence to study the analytic behavior of (Id.ldl) we have only to study that of 


/pX2 J pi —2 


|x| rs * r+2 x(x)r](x) 1 4>(x)(j) 1 (Z) dZd x x, 


which is written as 


f |a;| rs * r+2 x{x) , n{ x ) 1 4>{x)d x x- f <f/{Z)dZ. 

J FX2 J pr—2 
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The integral over Z is independent of 5, and hence we have only to consider the first integral. But 
one can see 

[ |*|"-i r +*x(*MaO-V(aO d x x = c [ \ yT s_|r+ WM?/ 2 )” W) d x y 

J F x2 Jf x 

for an appropriate non-zero constant c. Then by Tate’s thesis, one knowns that this integral is 
L(2(rs — \r + \),X 2 V~ 2 ) times an entire function on s, where this L-factor is precisely the one 
appearing in (14.131) . Therefore (14.131) is an entire function on s. 


4.6. Proof of Theorem 14.31 (r = 2q + 1). Next we consider the case r = 2q, so 9 = i? Xi7J . The basic 
idea is the same as the case 9 = 0 XjT? , in which we reduce the problem to the local one and use the 
Rallis lemma and Tate’s thesis. Namely by arguing as above, we can see that we have only to show 
that the local “modified intertwining operator” 


L v {r(2s + |) - r + 1, XvVv 2 ) 


— A v (s, 9 v ,w i) : IndU” ( ^ } 9 V <g> <5; 


—^ Ind 


GL r (F v ) 

'i(M 0 (F^))JVi, r _i(F„) 


Wi e v ®s, 


Q 


is holomorphic for all s £ C. Again, we will omit the subscript v and assume that everything is over 
the local field. 

Recall that the representation ‘d XlT) is the metaplectic tensor product = ( i) x <S> g) U1 for an ap¬ 
propriate w, and further recall that the representation d x is the twisted exceptional representation on 

GL 2 q , which is an irreducible subrepresentation of the induced representation ind~ r I7 1 ( r x <S> • • • ® r x ) w ® 

5 l J,r-i (unnormalized induction) for an appropriate w, where PJ _1 2 is the (2 ,..., 2)-parabolic sub- 

■* 2 ,2 _ ’ 

group of GL r _i. Hence by Proposition 12.101 we have 


d x ,v = i‘dx®V)u, C ind~^ li i xGLl (r x < 

-*2,...,2,1 

for an appropriate w. By inducing in stages we have 

lGL r 


ind§ Lr ■&. 


S s n 2 Cind-Jri!,! (r x , 
2,1 


*q ■'x,'n x y' J Q - — P 

By using the normalized induction, we have 


Ind~ Lr iL 
Q * 


'FqC Ind^fm (r x 

*2,. ..,2,1 


) r x (g) 77 )^ <g) dp, 4 .!,! 


) r x ® rj)u <g> S S q 2 . 


->r x ®rj) UJ ®S li\ tl 5 q. 

r 2 ,. .., 2,1 


Furthermore by definition of metaplectic tensor product, we have 


( r x 


c In d AIP2 "~/ 2 ) w (r 






where P 2 ,..., 2 ,i is the (2 ,..., 2, l)-parabolic of GL r . (One can check that this inclusion is actually 
equality, but since wc will not need this fact, we will leave the verification to the reader.) Therefore 
we have 


(4.15) 


Ind~ Lr '9 x . n <8 > Sq C Ind' 


GL r 


M 


( 2 ) 

p 2,. 


No o 1 

2,1 2 ,..., 2,1 


“(■T 


>r^ <g>fj) <g> 5 p IL\ a 5q, 


and accordingly we can view each section f s as an element in the latter induced representation. Also 
we should recall that the space of the representation r^ (g) • • • <g) r£ <g> fj is the (usual) tensor product 

S X (F) ® • • • (g> S X (F) (g> C, 


where S X (F) realizes the Weil representation r^. Hence for each g £ GL r , we can view f s (g) as an 
element in this space. 
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Now we would like to study the analytic property of the integral 

A{s,0,w 1 )f s (g)= ( f s (s(w 1 n)g)dn. 

But by Lemma T4. Ill we have only to show 

1 


(4.16) 


-A(s,6,wi)f s (s(w 0 )) 


L(r(2s + 5 ) - r + 1,XV~ 2 ) 

is holomorphic with f s as in Lemma |4. 1 II If we write each n G Nj — \ as 

/I Z y\ 
n = Ir-2 

V ^ 

then, if y ^ 0 , we have 


'1 


wiuwq = 


T' 

J r —2 


K y zJ r -2 1 

y _1 -Zy _1 J r _ 2 J'_ 2 

Ir -2 

y. 


) w '° 1 

(1 ZJ’ r _ 2 y - 1 y~'\ 

Ir-2 

/ ’ 

1 / 


where 


v 

J r —2 


and 2 = 


Jr —4 


Hence 


s(win)s(wo) = (1, e)s( I 


-y 1 -Zy 1 Jr —2 Ij- — 2 I s 

Ir -2 

yj 


'l Zy 1 J’ r _ 2 y~ 
)s(w’ 0 I Ir —2 


1 


for some e = e(y, Z) G {±1}, which a priori depends on y and Z. Here Z is a 1 x (r — 2) matrix. If 
we write 

Z=(Z',z) 

where Z' is 1 x (r — 3) and z £ F, then 

-Zy- 1 J r - 2 J , r - 2 = ~y- 1 (z,Z , ( Ir _ i 1 )) and Zy~ l J' r _ 2 = y~\z, Z' ( 1 Jr _ 4 )), 
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and hence 


' r _i 


/ s (s(win)s(wo))dn 



1 

1 

-zy- 1 -y^'U-A) 

A 

/ / e/s ( s( 

V 

i 

dr -3 

y) 


A V 1 Z' i 1 Jr _ 4 ) zy 1 2 / x \ 


s(^o 

CO 
. 1 
■4 

dz dZ' dy 



V 

l) 


f-y 1 

1 

1 

III 

JF x J F r ~ 3 jF 

i(r-3) + S+| y ( 1_r )( S+ 5)(r Y g 

> • • • <Z>r x (8fi) C j(s( 


l 

dr-3 





yj 


)) 




A 

y 1 Z'( 1 j r _ i ) zy 1 y 1S \ 



/*( 

SW 


dr- 3 

1 

dz dZ 7 dy 




{ 

i y 






/ 

-y _1 -zy -1 

\ 

/ / y 

e|2/|“ 

P 

■rs— 

i r+ f(r x ® ••• ®r x ®^) w (s( 

l 

dr- 3 




V 


yj 



A 

y -1 ^'(Ar- 4 ) zy - 1 y- 1 ^ 



r( 

s(A> 


dr- 3 

1 

dz dZ' dy. 





1 ) 




)) 


By changing the variables zy 1 ^ z and y 1 Z' ( 1 j r _ 4 ) Z ', then changing the additive measure 
dy to the multiplicative measure d x y , and then changing the variable y _1 y, one can see the above 
integral is written as 




(~y 

\ 

[ [ [ e'\yr-i r+ i(r x ® ■ 

JF x J F r ~ 3 JF 

■ ■ ®r x ®fj) u (s( 


l 

dr -3 



V 

y- 1 ) 



/I Z' z y\ 


CO 

1 

o 

i 


l V 


dzdZ' d x y. 


for some e' = e'(y, Z) S {±1}- 
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Now let ai,...,ai be a complete set of representatives of F x2 \F x . Then the above integral is 
written as 


E 

i=1 ' 


X2 J pr-2 


e i\ xa i\ rS ~ ir+1 i r \ 


>r x 5 ??) w ( s ( 


/—XCLi —Z 

1 

V 


Ir- 


r -3 


)) 


(xai) 7 



(l Z’ 

2 ; xai ^ 


/ 7 

Ir -3 

<\ 

[ s ( w o 


1 



V 

1 ) 



dz dZ' d x £ 


for a certain choice of the measure d x x on F x2 and some e' = e'(x, Z) G {±1}, which is further 
written as 


E 

2=1 ’ 


e'Axa,]™—^ 


' px2 J pr-2 


(r x g) • • • g>r x Z>v) ul (s( 


/—x —z 

1 

V 


Ir- 


r -3 



f-ai 

\ 


/l Z' 

Z £<7 




1 

) s K 

Ir -3 

s\ 

(s( 


Ir -3 


1 



\ 

«TV 


l 

1 J 



)) 


dzdZ'd x x. 


Recall that we can view the section f s as an element in the second induced space in (14.15[) . and 
in particular we can and do view the expression f s (- ■ ■) in the above integral as an element in the 
Schwartz space S X (F) g) • ■ • g> S X (F) g> C. Therefore to show the desired holomorphy, we may consider 
the integral 


E 


px2 J pr-2 


e^xa^-^irp 


>7 g> 


(—X —z 

1 

V 


\ 


Ir- 


r -3 


)) 


x 7 


as 


2=1 




\ 


a 

Z' z 

zaA 



r(s( 

1 

Ir 

-3 

) s K 


-^r—3 

1 


))(>i 

• • • ,t q )dz dZ' d x x, 


\ 

«r7 




1 / 



• j tq) € 

F q is fixed. 

By (O, 

(13.51) and (13.61). one can see 

that the above integral is 

If* 2 J 

f e'i\xa,i\ rs * r+ ix(x 1/2 )v(x) 

F r-2 






f-at 

N 


/I 

Z' 2 

xa^ 



r(s( 

1 

I 

—3 

M7) 


Ir-3 

1 


))o 

1//2 ti, • • • ,t q ) dz dZ' 


V 

a i ) 


V 


1 y 




which is independent of the choice of x 1 / 2 . 
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Recall that the support of f s is in QwoQ = Qw' 0 Q. Also note that 



(l Z' z xaA 


( ^ \ 

/ 

CO 

1 

/ -i 

CO 

1 

w 0 

1 

w 0 = 

i 


l 1 ) 


yXCli Z" Z 1J 


where Z" = Z' 


J/• — 


. Hence by Lemma 14.121 (with w' 0 in place of wq), the map 


(x,Z',z) i-A f s (s( 


( f 


\ 


l r -3 


) s (^0 


«rV 


is smooth and compactly supported and hence so is the map 


7 / 

Ir -3 


(l Z' Z Xdi 


1 / 


(x,Z',z) HA r(s( 



f-at 

\ 


(l Z' 

2 axO 


(s( 


1 

Ir -3 

)s{w' 0 

Ir- 3 

1 

>) 


\ 

«rV 


l 

1 J 



)){x 1/2 t I,-" ,t q ). 


Therefore one can write 



f-ai 

) 


(l Z' 

Z Xdi ) 




\ 

1 

Ir -3 

) s Oo 

Ir -3 

l 

1 

1 ) 

f)(x 1/2 t ir - 

J tq) 


= ( z> > z ) 

A, 0 , 0 ' 

for some holomorphic functions A and smooth compactly supported functions <f> and <j>' on F and 
F r ~ 3 x F, respectively. Hence to study the analytic behavior of (14.17[1 we have only to study that of 




|a:| rs ir+ ^x( xl ^ 2 )v( x ) 1 (t>{x)(j>'(Z) dZd x x, 


which is written as 



\ X \ rs -* r+ ?X{ xl/2 )ri{ x )~ X <t>{ x ) d x x 



<t>\Z)dZ, 


where recall we have put Z = (Z',z). The integral over Z is independent of s, and hence we have 
only to consider the first integral. But one can see 



irs— ir+ 


* r+ *x( xl/2 )v( x ) 1 0(x)d x x = c [ I y 2 \ rs * r+ *x(y)v(y 2 ) 1( t>{.y 2 )d x y 

J F x 


for an appropriate non-zero constant c. By Tate’s thesis, one knows that this integral is L(2(rs— jr + 
^)>XV~ 2 ) times an entire function on s, where this L-factor is precisely the one appearing in (14.1611 . 
Therefore (14.161) is an entire function on s. 
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4.7. The case r = 2. In Theorem 14.31 we excluded the case that r = 2 and x 2r l~ 2 = 1- However, 
the argument above works even in this case except at s = 0; Namely Theorem 14.31 holds even when 
r = 2 and y 2 ?y~ 2 = 1 except at s = 0. Now at s = 0, since for r = 2 the inducing representation 
is cuspidal, the general theory of Eisenstein series ( [MW1 Proposition IV. l.ll.(b)]) implies that 
it is actually holomorphic at s = 0. One can see (% ® ij) u = (x <8> x) u by Proposition 12.121 and 
w (x ® x)^ = (x <S> x)u by Proposition 12.91 Hence the map A(O,0 XiV ,wi) is an endomorphism on 

Ind~ L2 = (x ® x)a>- But by the functional equation of the intertwining operator ( IMW1 Theorem 
IV.1.10(b), p.141]) we must have A(0, 9 XtV , uq) 2 = Id. This implies that on each irreducible submodule 
of Ind~ L2 (x <g> x) u , the operator A(0, 9 XtV , wi) acts as ±Id. Indeed, it is shown in |BG1 Proposition 
7.3 (ii)] that it acts as —1 on all of the induced space. Hence we have 

Proposition 4.18. For r = 2 and ,\ 2 ? 7 _2 = 1, the (global) intertwining operator A(s,9 XtV ,wi) is 
holomorphic for Re(s) > 0 except a possible simple pole at s = j. Moreover A{0,6 XtV ,w\) acts as 
-Id. 


5. The unnormalized Eisenstein series 

Now we are ready to state the main theorem on the analytic behavior of the (unnormalized) 
Eisenstein series. Let 9 = 9 X , V or 9 X , V , depending on the parity of r. In this paper, we consider the 
Eisenstein series associated to the induced representation 

(5T) Ind^^Q- 

Namely for each f s £ Ind-^^ $ ® Sq, we let 

(5-2) E(g,s-J s )= J2 / S ( s (7)s;l) 

7 eQ(F)\GL r (F) 

for g £ GL r (A), where we view each section f s as a function 

f s : GL r (A) —> space of 9 ® 8 S q 2 , 

and by f s (s('y)g; 1) we mean the automorphic form f s (s('y)g) on Mq{ A) evaluated at the identity 1. 
Also for fixed s( r y)g, we often write —), which is viewed as an automorphic form in the space 

of 9 <8 Sq, namely the function m f s {s('y)g; rh) is an automorphic form on Mq( A). 

The main theme of this section is to prove 

Theorem 5.3. The Eisenstein series E(g, s; f s ) is holomorphic for Re(s) > 0 except that it possibly 
has a simple pole at s = j, when x 2r l~ 2 = 1 an d r = 2 q, or XV 2 = 1 an d r = 2q + 1. 

In what follows we will give a proof of the theorem. The basic idea seems to be standard in that 
we will compute a constant term of the Eisenstein series and argue inductively on r. Indeed, the most 
of the ideas (at least for the case 9 = 9 Xiv ) are already present in [BG] and we will borrow many of 
the ideas from there. Let us note, however, that the cuspidal support of our Eisenstein series differs 
for the two cases 9 = 9 XtV and 9 = and hence we will compute different constant terms for those 
cases. 
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5.1. The base step of induction. The base step is r = 2 for the case 9 = 9 X tV and r = 3 for the 
case 9 = v and y 1 / 2 does not exist. (If r is odd and y 1 / 2 exists, then we have 9 = 0 i/ 2 and hence 
the base step will be the case r = 2.) 

Consider the case r = 2. Then 9 = 9 XtV = (y <8 )ff) u . The analytic property of the Eisenstein series 
E(g, s; f s ) is determined by the contant term Ex B {g , s; f s ) along the unipotent radical N B of B. By 
the standard calculation, one has 


(5.4) 


E B {g,s-J s ) = f s (g) + [ f s (s(w 1 1 n)g) dn = f s (g) + A(s, 0 XtV ,wi)f s (g), 
Jn b 


where w\ is as in (TO) . By Theorem 14.31 land Proposition 14.18|) above we know that A(s,9,w i) is 
holomorphic for Re(s) > 0 except that if y 2 ? 7 _1 = 1, it has a possible pole at Hence Theorem 15.31 
holds for r = 2. (Though we do not need this fact, let us mention that at s = j, the intertwining 
operator does have a pole and the residues generate the non-twisted exceptional representation for 
r = 2 of determinantal character y, namely the Weil representation i\ 2 .) 

Next consider the case r = 3 (so = (r x <g> fj) u ) and does not exist. Since y 1 / 2 does not 
exist, necessarily XV~ 2 ^ 1- Then the inducing representation -d XiV is cuspidal, since r x is cuspidal, and 
the metaplectic tensor product preserves cuspidality (Proposition 12.811 . Moreover the Levi GL 2 XGL 1 
is maximal and non-self-conjugate, and hence the Eisenstein series E(g, s; f s ) is entire as desired. 


5.2. The induction step for r = 2 q. Now we will prove the induction step. Let us first consider 
the case r = 2q > 2, namely 9 = 6 X ^ V - This basically coincides with the case treated by Bump and 
Ginzburg in m- It seems to the author, however, that some of their arguments cannot be justified 
without the theory of metaplectic tensor products developed in [T2l . Also in Eg], they use the 
induction argument for the normalized Eisenstein series. However, as we will point out later, their 
induction argument does not seem to work because the finite set S used to normalize the Eisenstein 
series depends not only on y and ??, but also on the choice of the section / s , which makes the induction 
hypothesis not applicable. (This is another error in IBG] which does not seem to have been pointed 
out anywhere else.) Indeed, to obtain the holomorphy for the normalized Eisenstein series, one needs 
to use the functional equation of the Eisenstein series as we will do in a later section. Moreover there 
are a quite few places in [BG] where important computations are omitted. For those reasons, we will 
write out the computations in detail, though our computations are quite parallel to those in |BG) . 

Now for the case at hand, the cuspidal support of our Eisenstein series E(g,s;f s ) is the Borel 
subgroup and hence the poles of the Eisenstein series are precisely the poles of the constant term 
along any parabolic. So in particular in this subsection we let 


P = Pi >r _i = MpNp C GL r 
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be the ( 1 , i— l)-parabolic, and will consider the constant term along the unipotent radical Np of this 
parabolic. The constant term along Np is computed as 


Ep(g, s; f s ) = [ E(s(n)g,s-f s )dn 

J Np(F)\Np (A) 


Y f s H'y)s{n)g;l)dn 

Np{F)\N P (A) 7 gQ(E)\GL r (F) 

Y Y f s ( s {'T n ')s(n)g; 1 ) dn 

Np{F)\N P (A) 7 gQ(E)\GL r (F)/iVp(.F) n'eiVpCF^- 1 \JVp(.F) 

Y [ Y f s ( s {'yn'n)g; 1 ) dn 

-y&Q(F)\GL r (F)/N P (F) JN P (F)\N P (A) n , eNp[F) 1 -i\ Np{F) 


(5.5) 


Y / f s {s(nn)g]l)dn, 

7£Q(P)\ GLir(F)/N P (F) JNpiF) 1 \N P (A) 


where Np(F)' 1 1 = Np(F) ["17 1 Q(F )7 and also for the fourth equality we used Lemma \‘2 . 5 1 
By the Bruhat decomposition, we have 


GL r (F) = |J Q(F)w~ 1 P(F), 


where w 1 is as in m - Accordingly, we have 


Q\ GL r /Np = (J Q\Qw~ 1 P/N P = (J Q\Qw~ 1 M P = (J Mp^wQw~ l \M P , 

ioG{1,iui} k;G{1,iui} 

where the last equality is given by the map 7 = w~ 1 m i-a m for m € Mp. Notice that 

'K-2 AGW, if «; = 1; 


Mp fl wQw \Mp = 


1 , 


if w = w \, 


where GL r _i is viewed as a subgroup of GL r embedded in the lower right corner, and P P I 2 1 is the 
(r — 2, l)-parabolic of GL r _i. (Recall the notation from the notation section.) 

Using this decomposition, one can write (15.51) as 


7£Q(P)\ Gh r (F)/N P (F) ^ n p(F)7 1 \N p (A) 


f s (s{rn)g;l)dn 


= Y 


Y 


u)€{l,«;i} meMp(F)r\wQ(F)w- 1 \M P (F) JN P( F ) m W \N P ( A) 

/ 


f s (s(vu 1 mn)g;l)dn 


Y 

ymeP^’ 7 2 I 1 (F)\GL r _ 1 (F) ' 


Np(F)\N P (A) 


f s (s(mn)g; l)dn\ + [ f s {s(w 1 1 n)g] 1 ) dn 

I JNp(F) w i\N P (A) 


=E P (g, s; f s ) M + E P (g, s; f s ) v 
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where we have set 

Ep(g,s;f s )M := ^2 [ f s (s{mn)g;l)dn] 

meP r r r 2 1 , 1 (i ; ’)\GL r _i(F) N p( F )\ N p( A ) 

Ep{g,s;f s ) w 1 := [ f s (s(wi 1 n)g\ 1) dn. 

J N P ( A) 

Note that we used Np(F) Wl = 1. To sum up, we have obtained 

(5-6) E P (g,s;f s ) = E P (g, s; / s ) w + E P (g, s; f s ) Wl . 

In what follows, we will show that the non-identity term Ep(g , s; f s ) Wl is holomorphic for Re(s) > 0 
except when x 2 V 2 = in which case it has possible poles at s = ^ and s = j — and then the 
identity term Ep(g, s ; / s )id is holomorphic for Re(s) > 0 except when x 2 r/~ 2 = 1, in which case it has 
a possible pole at s = j . Then we will show that the possible poles at s = -j — E (if exist at all) 
coming from both terms cancel each other. This will complete the induction. 

The non-identity term Ep(g, s; f s ) Wl - 

First consider the non-identity term. Note that the non-identity term is written as 
Ep(g, s; f s ) wi = [ f s (s(w^ 1 n)g; 1) dn = H(s, 6 XtV , wi)f s , 

Jn p ( A) 

where A(s, 9 X}V , w\) is the intertwining operator studied in Section [4] From Theorem 14.31 we know 
that A(s 1 9 XtV ,w i) is holomorphic for Re(s) > 0 except when x 2 r? -2 = 1, in which case it has possible 
poles at s = \ and s = \ 

The identity term Ep(g, s; f s )u- 
One can write 

Ep(g,s;f s ) id = V [ f s (s(m)g-,s(n'))dn\ 

meP;r 2 1 1 (F)\GL r _i(F) N p'( f )\ n p'W 

where 

P' = P[~-h = p n Mq = (GLi x GL r _ 2 x GLi)JV>/, 
so P' is the parabolic subgroup of GL r _i x GLi whose Levi is GLi x GL r _2 x GLi. If one views 
f s (s(m)g; —) as an automorphic form in 9 <g> <5 q + 1 ^ 2 on Mq( A) as explained at the beginning of this 
section, the integral in the above sum is just the constant term along Np>. But since f s (s(m)g- 1 —) G 
9 (g> <5 q + 1 ^ 2 , we need to compute the constant term of the residual representation 9 (g> <5 q + 1/ along 
Npi. Recall that the exceptional representation 9 is constructed as the residue of the Eisenstein series 

associated to the induced representation Ind ~ J r Q _ 11 (x ® ■ ®X®v)u at v = p B r-i,i/2, where B r ~ 1,1 

is the Borel subgroup of GL r _i x GLi. Namely it is generated by 

Res E^(-,<p v ;u) 

P-2 Pflr-1,1 

for p v G Ind-^ 1 (x ® • <8> X <8 ??)£)• (Here the superscript for the Eisenstein series is the group on 

which the Eisenstein series is defined. We will use this convention in what follows as well.) But the 
constant term of the residue is the same as the residue of the constant term, and hence one first needs 

to compute the constant term E^^ v) of E Mq (—, g> v \ v) along Npf. For this, one can use 1MW . 
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Proposition (ii), p.92], and obtain 

Epl Q (to', ^ E m p' ( m',M(w , v)ip v ), 


where to' G M p > and w runs through all the Weyl group elements of GL r _i x GLi such that w 1 (a) > 0 
for all the positive roots a that are in Mp:. Note that 


M(w, v)ip v G Ind^_ M w {x® ■■■ ®X®fj) 


wv 

UJ 5 


but it is viewed as a map on Mp: by restriction. Hence we actually have 


M(w,v)ip v € Ind| / 1 p ;_ 1]1 ™(x® ®X®V7)r4-mV 1 -i>i- 


(Note that since our induction is normalized, we need the modulus characters 5p^_ 1A 6 B l^_ 1A .) 

One can see that by using the language of permutations, w runs through all the elements of the 
form 

w = (12 • ■ ■ k), for k = 1,. .. ,r — 1. 

We need to compute the residue at v = p B r-i,i/2 of each E Mp ' (m', M ( w , v)ip v ) for such w. But one 
can see that this Eisensteins series has a residue at v = p B r- 1,1 /2 only for w = (12 • • • r — 1) for the 
following reason: Since the cuspidal support of the Eisenstein series E Mp ‘ is the Borel, the analytic 

behavior is determined by the constant term Ep^_i,i(m', M(w, v)tp u ) along the Borel of 

M P f. By using [MW: Proposition (i), p.92], one can see 

E B f,M(w, v)ip v ) = ^ M(w r , wv ) o M(w, v)<p v , 

w' 

where w' runs through all the elements in the Weyl group of Alp:. We have 

M(w ', wv) o M(w , v) = M(w'w , v). 

But we know from (KPl Theorem II. 1.3] that the intertwining operator M(w'w, v) for the exceptional 
representation (x ® • • • ® x <8> f))u has a residue at v = p B r-i,i /2 only when w'w is the longest element, 
which implies w must be of the form (12 • • • r — 1). Therefore we have 

Res Ep, Q (m', <p v \ v) = Res E Mpl (m! ,M(w,v)ip v ), 

V=ip B r- 1,1 V =?P B r-1,1 

where w = (12 • • • r — 1). 

Now as in the notation section let 

v — siei + • • • + s r -ie r -i G B r— 1,1 (G) = G' 

for Si G C with Si + • • ■ + s r _i = 0. With this notation, for w = (12 • • • r — 1) we have 

WV =S r -iei + Sie 2 + S2e3 + • • • + Sr._2e r _l 

= S r _iei + (si ^- n ) e 2 + (s 2 H- 7z) e 3 + • • • + (s r —2 H- n) e r-l 


Sj —i 


r — 2 

S r —i 


r — 2 
(e 2 + • • • + e r _i) 


r — 2‘ 


r — 2 


r — 2 
Sr— 1 

r — 2 


(2 p P .) + (si + ^4)e 2 + (s 2 + ^)e 3 + • • ■ + (s r -2 + ^±)e r -i 


r — 2 


r — 2 


r — 2 


( 2 Pp 1 ) 














METAPLECTIC EISENSTEIN SERIES AND SYMMETRIC SQUARE 


33 


where we have set 


= (ai + ^-)e 2 + (s 2 + ^-)e 3 + ■ ■ ■ + (s r _ 2 + ^)e r -i- 
r — 2 r — 2 r — 2 

r—3 


Note that z/ E $£i,r- 2 ,i(C) = C r 3 . Now we have 


and hence 


= i((r - 2)ei + (r - 4)e 2 H-f (2 - r)e r _i) 


iwp B r-i,i = ^ - 2p p r-i,i 1 + ( r - 3)e 2 + (r — 5)e 3 H-f (3 - r)e r _i) 


1 


1 


= ~2 Pp '.r-h + 2 PB1 ’ r ~ 2 ’ 1 ' 

But here — hp p r-i,i is just a character on the Levi M p r- 1,1 = GLi x GL r _ 2 x GLi which acts 

^ -*1, i — 2,1 -*1, r — 2,1 

r —2 1 

(■ a,g r - 2 ,b ) |a| “|det(ff r _ 2 )| 3 

for (a,g r - 2 , b) G GLi x GL r _ 2 x GLi. Hence for m! G M B / = GLi x GL r _ 2 x GLi, we have 

Res E^ p '{m',M{w,v)^ v ) = Res E**?' (m\ tp'"') 
h,= hf ) B r - u 1 Pb 1 ^ -2 ’ 1 


as 


where 


¥>'" G Ind ~ f 1 p ;_ 2 3x| - | ^ < 8 > (x ® ••• ® X)|det r _ 2 |4 0 


r—2 times 


By computing S 1 J^_ 11 S B l^_ 2A , this induced representation is written as 

Ind^_ 21 (x| - § (x ® ••• §> X)|det r _ 2 |"3 §> r})£. 

The inducing representation in this induced representation is the exceptional character (with some 
character twits) and hence the residue at u' = d p B i,r- 2 ,i of the Eisenstein series for this induced rep¬ 
resentation gives rise to the exceptional representation of Mpi. But by the compatibility of parabolic 
inductions for metaplectic tensor products fProposition 12.101) . one can see that 

Res E Mpt (—, ip' v ) G (x| - I -3- <S> d'\det r - 2 \~i <g> fj) u , 

P '~TPb l.r-2,1 

where 9' is the exceptional representation of GL r _ 2 which is the unique irreducible quotient of the 
induced representation 

Ind gr-2 2 (X ® X V ® <^-2 

for an appropriate choice of a/. 

Hence for each fixed m G GL r ,_ 1 (E), the function on Mpr( A) given by 


m i-a 


>N P ,(F)\N P ,( A) 


f s (s(m)g; s (n')m') dn' 


is an element in (%| — | ~r~ 0 0'|det r _ 2 | _ 3 < 8 > p) w <S><5q 2 , where Sq 2 is actually the restriction Sq 2 | B / 
to P'. One can compute 


£- s +4 


S q 2 (a, g r - 2 , b) = |a | s+2 |det( 5 r _ 2 )| s+ 2 | 6 | 


l s +ilM-( r - 1 K s +4) 
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Accordingly the function fN F on Mp(A) defined by 

f 8 N P ,{9)= f f s {9\s{n'))dn' 

Jn p ,(f)\n p ,(A) 

is in 

lnd^(x\ ~ 1^ ® 6»'|det r _ 2 r^ <8> fj) u <g> <5 q + 2 Sp} /2 
= Ind~^ ) (x| - |-^ <§> 6 >'|det r _ 2 |* <g> fj) u < 8 ) (5q +2 . 

Recall we are trying to figure out the analytic behavior of the Eisenstein series 
(5-7) E P (g,s;f s )u= ^ f s Np , (s(m)g; 1) 

meP^ll 1 (F)\GI,r-l(,F) 


as g runs through all elements in Mp( A) and f s runs through all the sections. But for this purpose 
we may assume that g = ((l,/i),£) G Mp{ A) is such that (1 ,h) G GLi(A) x GL r _i(A), because if 
g is not of this form, one can always translate f s by an appropriate element in Alp (A). Namely we 
consider the section \ ^ ^ k y Let 


F ' fNp, lGL r _i(A)- 

Then one can see, by using Proposition 12.Ill on restriction of metaplectic tensor product on smaller 
Levi, that 

F s g 0lnd^:j i 1 ( ( ^ ) ) (0'|det r _ 2 |3 ® 

<5 

where 5 runs through a subset of GLi(E) and cos is an appropriate character on the center of GL r _i. 
Hence after all, the analytic behavior of (E2D is determined by the analytic behavior of the Eisenstein 
series on GL r _i(A) given by 

F a (s(m)g; 1) 

"‘eP r r r 3 1 , 1 (F)\Gi r -i(P’) 

where F s G Ind-Jf^i 1 ^(0'|det r _ 2 |^ ® rj) u ® 5^ 2 5p, 2 S~l[ 2 and to is some appropriately chosen 

”r — 2,1 W W *r-2,1 

1/2 _1/2 1 1 

character and S Q 2 S p , 5 L 1 is restricted to P P I 2 i- As a character on GL r _ 2 x GLi C P p Z 2 i, one 

can compute 

\&et{g r - 2 )\*5 s +H)l?5- p lL\ ( g r - 2 ,b ) = |det(<? r _ 2 )| s -*|&|-(»+i)<’- 1 )+*(’- 2 ) 


— 4- r — s 


= 5 pr -1 (g r _!,b) 1 |det(g r _i) 6 | -- 1 . 


Thus the section F s belongs to 


(5.8) 
where 

(5.9) 


Ind 


GL r _i(A) 


(O'® r -l 

— 2,1 


|det r _i|“, 



b = 


r s + \ 

r — 1 


(Note that those two exponents a and b are precisely the ones in the middle of p. 196 of m, though 
in m induction is not normalized and hence their exponents look different for ours.) 
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Therefore the analytic behavior of the Eisenstein series in (15.711 is determined by that of the Eisen- 
stein series associated to the induced representation (15.81) . But the twist by |det r _i| a does not have 
any affect on the analytic behavior, and hence we have to consider the Eisenstein series on GL r _!(A) 
associated with the induced space 


t j GLi—i ( 


( 0 '® fj)u ® Spr-l , 
) r-2,1 


where b is as in (15.91) . 

Now by the induction hypothesis, this Eisenstein series on GL r _i(A) is holomorphic for Re( 6 ) > 0, 
except when y 2 ??” 2 = 1 i n which case it has a possible simple pole at b = j. From (15.91) . b = i 
amounts to 


(5.10) 


1 1 
4 _ 2r 


Remark 5.11. The above argument is essentially the detail of the argument outlined in [BG1 p.195- 
196]. As we pointed out at the beginning of the section, however, in |BGj it seems the induction 
argument is used for the normalized Eisenstein series rather than the unnormalized one. But the 
normalization of the Eisenstein series depends on the choice of the set S of “bad places”, which 
include the bad places for the section f s . As one can see from the above computation, one has to apply 
the induction hypothesis to the new section F s on the lower rank group GL r _i(A). But there is no 
guarantee that the same set S works for F s . This is why we cannot use the induction argument for 
the normalized Eisenstein series. 


Cancellation of the poles at s = i — 


Finally, to complete the induction, we need to show the (possible) poles at s = ^ (if exist at 

all) of both the identity term Ep(g, s; / s )id and the non-identity term Ep(g, s; f s ) Wl cancel out. 

Set 

1 1 

S ° 4 ~~ 2r' 

Let us note that the possible pole at s = so will happen only when x 2, 7 2 = 1> namely y 2 = if 2 . 
Moreover by the uniqueness of the metaplectic tensor product (Proposition 12.12]) ■ if y 2 /? -2 = 1, then 


(x® 


> X ® v)u = (x ® ■ • • ® X ® x)u 


i.e. we may (and do) assume Tj = y, although most of the time we use the notation (y 0 ■ • • ® y ® fj) u . 

As we have seen above, the two terms Ep{g , s; / s )id and Ep(g, s; f s ) Wl both have a possible pole 
at s = i — A.. But in what follows, we will show the Eisenstein series E(g, s; f s ) does not have a pole 
at this point. Namely those two possible poles cancel each other or they just do not exist to begin 
with. This is essentially shown in [BGl p.201-203]. However many of the computations are omitted 
there, and hence we will give a complete proof in detail here. The basic idea is the following: First 
one computes the constant term of our Eisenstein series along the Borel subgroup B instead of P. 
Then one can see that all the terms in the constant term is holomorphic at s = ^ ^ except two 

terms. One can then see that the treatment of those two terms can be reduced to the “GL 2 -case”, 
and invoke Proposition 14.181 to show the cancellation of the poles. 

So let us compute the constant term Ep(g, s; f s ) of the Eisenstein series along the Borel. Analo¬ 
gously to (1531) 


E B (g,s-f s )= / f s {s(in)g;l)dn, 

7CQ(E) \ GL r (F)/N B (F) Jn b{F)' * 1 \A b (A) 
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where Nb(F) 1 = N b {F) (I'y 1 Q(F)j. For i = 0 ,...,r — 1, let 


d-r—i—1 


Wi = 


1 • 


(Let us note that w\ here differs from the one in (14.21) . but this should not cause any confusion.) By 
the Bruhat decomposition, one has 


Q{F)\GU{F)/N b {F) = U Q\Qw~ l T B = U T B nw t Q W ^\T n , 

2=0 2=0 

where the last equality is given by the map 7 = w~ 1 t 1 —> t for t £ T B - But T B fl WiQw~ 1 \T B = 1 for 
any Wi, and so each double coset in Q(F)\GL r (F)/N B {F) is represented by w” 1 . Hence 

rp _ J 

E B (g, s; D = f / s ( s K rln )s; 1 ) dn. 


(5.12) 

Let us put 

(5.13) 
so that 

(5.14) 


i= o J Xb( f ) w *\ n bW 


Ci(g,s;f s )=[ f s (s(Wi 1 n)g\l)dn 1 

dN B (F) w i \N b (A) 


E B (g,s-,f s ) = J2ci(g,s;f s ). 
2=0 


Let us compute the term for i = 0, so wq = 1 and Nb(F) w ° = Nb(F). For m E Mq, define 


f s (g;m) := 


—1,1 (F)\N B r—l,l (A) 


f s {g ; s (n)m) dn. 


Namely f s (g) is the constant term of the automorplric form f s (g) € 0 Xt „ 0 6 s q +1/2 along the Borel 
subgroup B r ~ 1 ’ 1 of Mq = GL,..! x GL^ Then 

co (g 1 s;f s )=[ f s (s(wQ 1 n)g; 1) dn 

J N b (F)\N b (A) 


JJV flr _ 1 , 1 (F)\iV flr _ 1 , 1 (A) 

-j 

JN B r-l,l(F)\N B r-l,l(A) 

= / s (<?;i) 


f s (s(n)g; 1) dn 


f s (g;s(n))dn 


where we used that N B = NQN B r-i,i and Nq( A) acts trivially on f s . But 0 Xi7J is generated by the 
residues of Eisenstein series associated with the induced representation Ind^L^i^(% 0 • • • 0 x 0 fj)w 
at v = ip B r-i,i. Namely 

n 9 - 1 -)= Res E(-,^)<S>S s q + H-) 

^ = 2 PB r —1)1 

for p v e Ind^L^i, A ^(x 0 • • ■ 0 X 0 ??)£• Now a constant term of a residue is the residue of the 
constant term. Hence we need to compute the constant term E B By jMW ; Proposition 
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II.1.7 (ii), p.92], we can write 

w&Wgl t ._ 1 


where WcL r _i is the Weyl group of GL r _i embedded into the left upper corner of GL r , and M(w, v) 
is the intertwining operator 


M(w, v) : Ind^i^i^Cx ® 


X ® ri)u In d 


Mq( A) 


’{X ® 


X ® v)l 


But we know from KB Theorem II.1.3] that this intertwining operator has a residue at v = Ip B r-i,i 

only for the longest element u = ^ r ~ 1 g ITgl,._i , where J r -\ is the (r — 1) x (r — 1) matrix 

with l’s on the anti-diagonal entries and all the other entries 0. Moreover the residue is in the 

exceptional representation 0 XtTl . Hence the function on B{ A) defined by b K > f s (g~,b) for b £ B( A) is 

an automorphic form in the space generated by the constant terms of the exceptional representation 
S+i 

0 X}V ® Sq 2 , which is equal to 

(x® ■■■ ® X®v)u® C-i.i ■ 

Also for each b, b' £ B( A), 


F{b'g-M 


lN Br - 1 A (F)\N B . 


JN Br . 1 , 1 (F)\N E 

f s (g;bb'). 


-l,i (A) 
— i,i (A) 


f s {b'g;s(n)b)dn 

f s (g;s(n)bb')dn 


Hence we have 


(5-15) f s £ ind|^ } (A) (x. ® ‘ ' ® X ® v)u ® ^-i,i^q + 2 , 

where the induction is not normalized. 

Next consider i > 0. Let 





1 



: Xi is a 1 x i matrix}, 


i.e. 


Ni is the set of the 


Ui = { 


“(r — i) th -rows” of N B . Also let 

flr-i-l 0 F r _j_i\ 

0 Ii 0 : is a (r — i — 1) x 1 matrix}, 

V 0 0 1 ) 


i. e. Ui is the set of the first r — i — 1 entries in the last column. Both Ni and Ui are subgroups of N B . 
One can see 

WiUiNsr-i.iw^ 1 Ni = N B , 

and 

Nb{F) w * = N b {F) 0 w i Q(F)w£ 1 = WiUi(F)N B r~i,i (F)w~ 1 . 
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Therefore we have 


d{g,s-,f s )= [ / S (s(wi 1 n)g;l)dn 

JNn(F) w i\Nn(A) 


(5.16) 


>N B (F)™i\N B (A) 

J f s {s{w~ 1 n)g;l)dn 

WiUi(F)N Br - 1 , 1 (F)w- 1 \w i Ui(A)N BT .- 1 ' 1 (A)w7 1 N i (A) 

f s (s(n'wf 1 n i )g-, 1) dn'drii 

Ni(A) Ui(F)N B r-i,i (F)\Ui(A)N B r-i,i (A) 

f s {s{ui)s(n r -i)s(w^ 1 ni)g; 1) duidn r -idni, 

Nii A) N B r. 1 , 1 (F)\N B r_ 1 , 1 (A) Ui(F)\Ui(A) 


/ / 

Vi( a; 

/ 


where for the last equality we used Lemma [53] and that Wi £ GL r (F). Note that Ui (A) C Nq( A) 
acts trivially on / s , and / S (s(u,:)s(n r _i)s(u;r 1 ni)g; 1) = f s (s(n r -i)s(w~ 1 ni)g;l). Hence the inner 
most integral simply goes away. Furthermore, f s (s(n r -i)s(w~ 1 rii)g-, 1) = f s (s(w~ 1 rii)g; s(n r _i)). 
Therefore the integral (15.161) is written as 



Ni( A) 


/ S (s(w, : 1 n i )ff;s(n r ._i))dn r _idni = 


/ s (sK 1 n i )g; 1 )drn. 


Ni( A) 


Therefore 

(5.17) 


Ci{g,s;f s )= / f s (s(w i 1 )s(n i )g;l)dn i . 
J Ni (A) 


J f(sK 1 )s( 


d-r—i—X 


1 X, 


)fl r ; i) 


dX, 


This is precisely the formula stated (without a proof) at the end of p.202 of ! BG] , though our a/^ 1 is 
their Wi. 

We will show that Ci(g, s; / s ) is holomorphic at s = So for all i < r — 2, and for i = 7’ and r — 1 it 
does have a pole but they cancel out, and hence the constant term (15.141) has no pole at s = so, which 
implies that the Eisenstein series E(g, s, f s ) does not have a pole at s = Sq. 

For this purpose, we need to reduce our situation to the “GL 2 -situation”. For this, just as is done 
in ES], we need to interpret the metaplectic tensor product (x 0 • • ■ 0 x 0 v)ui as follows. 


Lemma 5.18. Let T m (A) be the subgroup of the maximum torus T(A) of the form 
T m (A) = {(ti, ... ,t r ) £ T : ti £ F x A x2 }p(^ r (A)), 

where p is the canonical projection. Also let T m ( A) fee <fee metaplectic preimage of T m ( A). XTien 
T m (A) ?s a maximal abelian subgroup ofT( A). Moreover let w m fee any character on T m (A) extending 
the character on Z (A)T^ (A) given by 

w(x (2) 0 ••• 0X (2) ), 

where ux is chosen so that it agrees with the metaplectic tensor product 0 • • • 0 yd 2 ) tfee overlap. 
Then we have 

(X 0 ' • • 0 x)a> — ind~^ A) w m , 

where ind is as m EE p. 54], 
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Proof. The group T{ A) is a Heisenberg group and the group T m (A) is a maximal abelian subgroup 
by (KPl II. 1.1]. Hence the lemma follows from a general theory on the Heisenberg group as described 
in [KB p.52-56]. □ 


Let us note that in m, our T m is denoted by T 1 , and our w m by ud, but we avoid to use i in 
order not to confuse it with the index i we have been using. 

With this lemma, one may assume 


(5.19) 


r - • iGL r (A) n 

eind f~(A)k(A)* W 


rl /4 s-s +1 
’nr-i,\ 0 O 1 


where Ng( A)* acts trivially as usual. 

Another important property of the group T m (A) is 


Lemma 5.20. The partial section s : GL r (A) —>• GL r (A) is not only defined but a homomorphism 
on T m (A)A^s(A). Also for t £ T m (A) and g £ GL r (.F), both s (tg) and s (gt) are defined and s (tg) = 
s(t)s(g) and s {gt) = s(g)s(t). 


Proof. It is known that the partial section s is defined on the Borel subgroup B( A) and the block- 
compatible cocycle is globally defined on B( A) x B( A). Now if t,t' £ T m (A) and n,n' £ Nb{ A), one 
can compute 

a r (tn,t'n') = a r (tnt~ 1 t,t'n) = a r (t,t') = 1 , 

where the last equality follows because the Hilbert symbol is trivial on F x A x2 x F x A x2 . 

To show the second part of the lemma note that at every place v, 

„ U „ _ s r(tv)Sr(g v ) _ u n ^ 

— / x 1 ryf'Vt 9v) 

(J r [ty ? Qv ) 


and for almost all v one can see that the right hand side is 1 , and hence the product ]”[„ s r (t v g v ) is 
defined, i.e. s (tg) is defined. Also this implies that globally we have 


because a r (t,g) 


s r {tg) 


s r {t)s r (g) 

cr r (t,g) 


T r (t,g) 


s r (t)s r (g)T r (t,g) 


1, which implies s (tg) = s(t)s(g). The same argument works for s (gt). 


□ 


Now for each i , let us define the inclusion 

ti : GL 2 —y GL r , g2 ^ 


d-r—i—l 


9 2 


h-i 


so the first entry of 32 £ GL 2 is in the (r — i,r — *)-entry. This lifts to 

'a : GL 2 (A) GL r (A). 

With this notation, define 

Ir—i—X 


F, 


{92-, g) ■= Ci(Li(g 2 )g,s;f s ) = I f s (s(w i 1 )s( j 

A i 

Gl{gi\g):=c i - 1 {li{g 2 )g,s\f s )= f f s (siwf^si j 


1 W, 


)k{g 2 )g ; 1 ) 


dXi 


1 Xi- 1 I )L 
h -1 


*(32)5;1) 


dX^. 


It should be noted that 
(5.21) 


Gt(l;g)=F:_ 1 (l-g). 
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Also we have 

Lemma 5.22. Assuming the integrals of Ff(g ^; g) and G^(g 2 ',g) both converge, we have 


Fi(92]g) = J A G i^ (\ X ) s 2 ( X { j 92]9) dx, 


where S 2 : GL 2 (A) —> GL 2 (A) is the partial section for GL 2 (A). 
Proof. First note that It 0 S 2 = so Li, and hence 

1 


ti(s 2 


1 


S2 


1 x 
1 


92 ) = s(ti 


1 


1 


)s(ti 


1 X 
1 


^( 92 ) ■ 


Second note that 


(5.23) 





flr—i— 1 ^ 


^ Ir—i—X 

\ 


1 


1 


1 



1 


1 



1 

V 

Ii—1 ) 


1 A-J 


l 

A-i / 


Wi- 1 . 


Then one can check the lemma by a direct computation using Lemma 12.51 


□ 


Now let B 2 = T B 2 N B 2 be the Borel subgroup of GL 2 and T™ be the analogous subgroup of T B 2 as 

defined above with r = 2. Let w™ be the above w m with r = 2, so ind~® 2 < \^ w™ = X®X- (Note that 

-*2 (A) 

for GL 2 there is no choice for the central character ui for the metaplectic tensor product because the 
center Z is already contained in , and hence we write instead of (x®x) w .) 

Let us mention 


Lemma 5.24. With the above notation, we have 


where 


GH-, g )e 


111 , 133 

i= 2 rS+ 8^4* and U = S ~ 9 rS ~ 8 r + 4*’ 


and hence in particular at s = Sq = ~ ^ we have 


1 _ 1 
4 l 

iGL 2 (A) 


G?(-, S ) e indS-™ W(A) . < ® 4A‘ +I, I det l-E+LU-*, 


provided the integral is convergent. 
Proof. Let 


92 = s(ii( 


^1 


^2 


)), 


where ti G F x A, so 


£1 


£2 


G Tjf^A). Then one can compute 


G s i(92',g) = J / s ( sK_\)s( 


fir- 


i-1 


\ 

1 

A-l / 


^ Ir—i —1 


) s ( 


^1 


\ 


^2 


)s;1 


ii-l/ 
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^ Ir—i— 1 






( s K-i) s ( 

^1 

^2 

) s ( 


1 

1 

)s;i) 


V 

W 


V 

Ii-1 ) 



dXi —i 


^ Ir—i—1 

r{s(w-_\) S ( h 


V 


s ( 


^2 

^ Ir—i —1 

V 


\ 

Ii-lJ 

1 


)s(w i _ 1 )s(w i _ 1 1 ) 

\ 


1 

h -1 / 


)s; l) d^i-ii 


where for the second equality we used Lemma l5.20l and for the third equality we used s(u>i ) _1 = s(w“ 1 ) 
since s is a group homomorphism on GL r (F). (Note that in the above computations, the global partial 
section s is always defined.) 

Next by using Lemma f5. 201 and conjugating by , we can compute 


s K-i) s ( 

^ Ir—i—1 

tl 

^2 



=s(ui i _ 1 i)s(w i _i)s( 

^ Ir—i— 1 

tl 

\ 

h- i 


V 




\ 

V 


=s( 


^ Ir—i — 2 


V 


Ii-1 


t 2 J 


where the last equality follows because s is a group homomorphism on GL r (F). 
Therefore we have 


GUg 2 ;g) 


/ /a ( s( 

^ Ir—i —2 

tl 

Ii-1 

)s(w“_ 1 1 )s( 

^ Ir—i—1 

\ 

l 

1 t^i-l 

)s;i) 

v*- 1 

V 



V 

/z-i y 



Now by (15.191) and the change of variables t 2 1 Xj_i X,;_j, one can see 


^ Ir—i—2 


Gl{g 2 -,g) =|ti|^ (r - 2(r - i » +s+ 5|t 2 | (1 - r)(s+ 5 )+i - 1 u; m (s( 


li -1 


)) 


t 2 ) 


f s (s(w i _ 1 1 )s( 


^ Ir—i—1 


\ 

1 Xi-! 

Ii-1 ) 


)g-,l)dX i _ 1 . 
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\ 


h- 


i -1 


))=^(s 2 ( 


t 2 J 


tl 


£2 


))■ 


By direct computation, one can see 

^ Ir—i —2 

W m (s( 

V 

Then the lemma follows by simplifying the exponents for |ii| and |^ 2 1- □ 

Let 

(5.25) M 2 (t) : indg ( ( ^ B2(A) ^ 1 det |“ ^4^[a)n b2{ a) w “ ® I <*et |“ 

be the intertwining operator defined on the induced space in the above lemma. Then Lemma 15.221 
says that 


(5.26) 

with 


F l s (g 2 -g) = M 2 (t)G s i (g 2 -,g), 


1 1 1 
t= r s+ - 8 --^ 


provided all the integrals are convergent, which is the case if Re(s) >> 0. 
With this said, one can prove 


Proposition 5.27. Let i < r — 2. Then for each g and g 2 , the integral for Ff(g 2 -g) converges 
absolutely at s = so- In particular Ci(g,s ; f s ) = Ff(l;g) converges at s = sq. 

Proof. We prove it by induction on i. For i = 1, first note that G\(g 2 : g) = f s (ii{g 2 )g ; 1), and hence 
certainly G\(g 2 ]g) converges at any s. Now at s = So by the previous two lemmas, one can see that 

Fi(g 2 ',g) =M 2 (^(r-i-l))Gl{g 2 ;g), 

where M 2 is as in (15.261) . But if i = 1 (and r > 3), the intertwining operator M 2 (j(r — i — 1)) 
converges. 

Now assume Ff(g 2 ;g) converges for all g- 2 and g at s = so- Notice that 
G s i+1 (g 2 -,g) = G s i+1 (i-,ii+i{g 2 )g) = FiiX^i+i{g 2 )g)- 
Hence Gf +1 (g 2 ; g) converges for all g 2 and g. Again by the previous two lemmas, one can see that 

F i+i(92',9) = M 2 (j(r - i) - ^)G s i+1 (g 2 ;g ), 

and if i + 1 < r — 2, the intertwining operator here converges. □ 


Let us note that the convergence of Ci(g, s; f s ) for i < r — 2 is stated without proof at the end of 
p.202 of iBGl for the non-twisted case. The author believes that the above proof is the one they have 
in mind. 

Finally we show the cancellation of the possible poles for c r _i(g, s; f s ) and c r _ 2 (g , s; f s ) at s = s 0 , 
namely 

Proposition 5.28. The sum 


is holomorphic at s = so- 


c r -i{g,s;f s )+c r _ 2 (g,s;f s ) 
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Proof. The proof is essentially described in the first half of p.203 of (BG] . But we will repeat the 
argument with our notations. 

First note that 

c r . 2 (g,s-,n = F°_ 2 (l,g) = M 2 (t)G s r _ 2 (l-,g), 

and by the above proposition, G*_ 2 (l;g) = F*_ 3 (l; g) is convergent. With i = r — 2 and s = So, one 
can see t = i. But at t = the intertwining operator M 2 (t) has a simple pole. Then we have 

Res c r - 2 (g,s\f s ) = ResFf_ 2 (l,g) = ResG*_ 1 (l,g), 

S = SQ S=S o S=S o 

where for the last equality we used (15.211) . Second note that 

c r ~i(g,s-f s ) = F®_ 1 (1; g) = M(t)G*_ x (l; g), 

and with i = r— 1 and s = so, one can see t = 0, and we know by Prooosition l4.18l that the intertwining 
operator M 2 ( 0) is holomorphic and acts as — Id. Therefore we have 


Resc r _i(g, s; / s ) = M(0)ResG*_i 

S = Sq S=Sq 


= -ResG®_ 1 (l;g) = -Resc r _ 2 (g, s; f s ) 

S — Sq S—Sq 


Hence the residues get cancelled out. 


□ 


With those two propositions, we have proven that the constant term (15.141) is holomorphic at s = so, 
and hence the Eisenstein series E(g, s; f s ) is holomorphic at s = sq. 


5.3. The induction step for r = 2q + 1. We now consider the case r = 2q + 1, namely 9 = 

First of all, let us note that if y 1 / 2 exists, then = 0 i/ 2 , to which case the argument for r = 2q 
applies. Hence we will assume that y 1 / 2 does not exist. But even in this case, we argue similarly to 
the case r = 2 q. 

This time, however, the cuspidal support of our Eisenstein series E(g,s;f s ) is the (2,..., 2,1)- 
parabolic, and hence the poles of the Eisenstein series are precisely the poles of the constant term 
along any parabolic containing the (2,..., 2, l)-parabolic. In particular in this subsection we let 

P = P‘2,r—2 = MpNp C GL r 

be the (2, r — 2)-parabolic, and will consider the constant term along the unipotent radical Np of this 
parabolic. Similarly to the computation for the case r = 2 q, the constant term along Np is computed 
as follows: 

(5.29) E P (g,s;f s )= ^ / f s (s('yn)g;l)dn, 

7GQ(E)\GL r (F)/A P (F) Jn p( f P 1 \Np (A) 

where iVp(F ) 7 1 = Np(F) D r )~ 1 Q{F) r y. Since, by the Bruhat decomposition, we have 

GL r (F) = (J Q(F)w~ 1 P(F), 

w£{l,wi} 

where w\ is as in (HUD , we have 

Q\GL r ./IVp= [J Mp C\wQw~ 1 \Mp, 


p;r 3 2 ,A GL r _ 2 , 

p 2 \gl 2 , 


where 


MpdwQw x \Mp 


if w = 1; 
if w = w\, 
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where GL r _ 2 is viewed as a subgroup of GL r embedded in the lower right corner, and A- 3,1 is the 

_2 

(r — 3, l)-parabolic of GL r _ 2 , and GL 2 is embedded in the upper left corner and B is the opposite 
of the standard Borel subgroup of GL 2 . Using this decomposition, one can write (15.2911 as 

Ep(g,s;f s ) =E P (g,s-J s )i d + E P (g,s-J s ) Wl , 

where we have set 

Ep(g,s;f s )M := V [ f s (s(mn)g;l)dn-, 

me p ; - i(F) \ GLr _ 2 ( F )- / ^^)\iVe( A) 

Ep(g,s;f a ) wi := V f f 8 {s{uq 1 mn)g\l)dn. 

, *JN P (F) m 1 “i\AT P (A) 
m£B ( F)\GL, 2 (F ) 

In what follows, we will show that the identity term Ep(g, s; / s )id is holomorphic for Re(s) > 0 
and the non-identity term Ep{g , s; f s ) Wl vanishes, which will complete the proof of Theorem 15.31 


The identity term Ep{g, s\ / s )id : 

The argument for the identity term is quite similar to the case r = 2 q in that we interpret it as the 
Eisenstein series on the smaller group GL r _ 2 and use induction. Also let us mention that, as we will 
see, unlike the case r = 2 q, we will not have to show the cancellation of the pole at s = \ 

First one can write 

(5.30) E P (g,s;f s )m = l f s (s(m)g- 1 s(n')) dn', 

meP^l, (F)\ GL r _ 2 (F) JNp ' (F) \ JVp ' (A) 

where 

p’ = P'Fr-ll =PnM Q = (GL 2 X GL r _3 X GI '^)N P ,, 

so P' is the parabolic subgroup of GL r _i x GLi whose Levi is GL 2 x GL r _3 x GLi. If one views 
f s (s(m)g; — ) as an automorphic form in 9 <g> <5 q + 1 ^ 2 on Mq( A), the integral in the above sum is just 
the constant term along Np>. But since / S (s(m)g; —) £ 6 ® <5q + 1,/2 , we need to compute the constant 

term of the residual representation 9 ® ^q 1 ^ 2 along Np>. Recall that the exceptional representa¬ 
tion 9 is constructed as the residue of the Eisenstein series associated to the induced representation 

Ind^fLi,! (r x ® • • • ®r x <g> fj)” at v = p p r- 1,1 /2, where is the (2,..., 2, l)-parabolic.subgroup 

•*2 ,..., 2,1 2 ,..., 2,1 

of GL r _i x GLi. Namely it is generated by 

Res E{—,ip v \v) 

"=§P p r—1,1 
2 ,..., 2,1 

for ip v G Ind^.®i t i ( r x ® ® r x ® But the constant term of the residue is the same as the 

■*2 ,..., 2,1 

residue of the constant term, and hence one first needs to compute the constant term Epi{—,<p v \v) 
of E(—,ip v -,v) along Np>. For this, one can use [MW1 Proposition (ii), p.92], and obtain 

Ep'(m',<p v \v) = ^2 E Mpl (to', 

W 

where ml € Mp< and w runs through all the Weyl group elements of GL r _i x GLi such that 
w(GL 2 x • • • x GL 2 x GLi)wi _1 is a standard Levi of GL 2 x GL r _ 3 x GLi and u; _1 (o!) > 0 for all 
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the positive roots a that are in Mp> = GL 2 x GL r _3 x GLi. One can see that by using the language 
of permutations, w runs through all the elements of the form 

w = (12 ••■k), for k = 1,..., q, 


where each permutation corresponds to a permutation of GL 2 -blocks in the Levi GL 2 x • • • x GL 2 x GLi. 
(Note that the last GLi is always fixed by w.) But by exactly the same reasoning as the case r = 2 q, 
one can see that the Eisenstein series has a residue at v = p p r- 1,1 /2 only for u> = (12 • • ■ q) by using 
m Proposition 2.42]. 

Now as in the case r = 2 q, we can see 


-WPpr- 1,1 =--p p r-1,1 +~Pp 2 , r-2,1, 

2 2 2,1 2 2,,—3,1 2 2 2.1 

where we note that —\p p r- 1,1 is a character on the Levi M„ r-1,1 = GL 2 x GL r _3 x GLi which acts 
as 

{a,g r -3,b) i->- | det a\ |det(5 r _ 3 )|5 

for (a,g r - 3 , b) G GL 2 x GL r _3 x GLi. Hence for m' G Mp / = GL 2 x GL r _3 x GLi, we have 


Res E Mp, {m',M{w,v)y v ) = Res E Mp, {m',ip' ) 


lP p T- 1,1 
2 ,..., 2,1 


Z/ =2Pp2c 


where 


G Ind~ / 2 p (_ 3il (r x |det 2 1 
“2 . 2,1 


( r * 


J|det r _ 3 | 2 (8) ij )”6 


1/2 


c- 1/2 


q— 1 times 


- 1,1 L 
.., 2,1 


3)2,r —3,1 • 
2 ,... 2,1 


By computing 6 ^- 1,1 <5 2 , {.-3,1, this induced representation is written as 
^2 ,..., 2,1 ^ 2 ,... 2,1 

Ind^ p (_ 3 , 1 (r x |det 2 | 21 ^ ® (r x <§> • • • <g> r x )|det r _ 3 | - ^ ® r?) P . 
Then as in the case of r = 2q , we see that 


Res 

|Pp 2 . 


E Mp '{-,pi v ) G (r x |det 2 | 4 <8> d'|det r _ 3 | 2 ® f]) u 


-3,1 

. , 2,1 


where 9' is the twisted exceptional representation of GL r _3 which is the unique irreducible quotient 
of the induced representation 





q— 1 times 


for an appropriate choice of w'. 

Hence for each fixed to G GL T ._ 2 (E), the function on Mp<(A) given by 


to i —y 


' N p / (F)\Np/ 


f s (s(m)g ; s(n')m') dn’ 


p 2 ^ ^ j _1_ g _1^ g j _1_ 

is an element in (r x |det 2 | _I_ (8 0 '|det r _ 3 | 2 (8> fj)uj®SQ 2 , where Sq 2 is actually the restriction 5q 2 |p/ 
to P'. One can compute 




5q 2 {a,g r - 3 ,b) = | det a| s+2 |det(^ T ._ 2 ) 2 \b\ 


l s +5 b>|-( r - 1 )( s +l) 
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Accordingly the function on Mp(A) defined by 

/jv p ,(sO = [ f s (g;s(n'))dn' 

Jn p ,(f)\n p ,( A) 

is in 

Ind~^ ) (r x |det 2 | r ^ ® 6»'|det r _ 3 | _ 5 § fj) u ® <5q +2 Sp } /2 

= Ind ^|| ) ( r xl det 2l “ ® ^Idetr-sl’ <§> fj) u ® S S q*. 

Again as in the r = 2q case, by restricting the section to GL r _3 (Proposition 12. Ill) one only has to 
consider the analytic behavior of the GL r _3 Eisenstein series 


F s (s(m)g) 

meP r r r3 2 ,i(^)\GL r _ 2 (F) 


where 


F s € IndjT^Jj^ldetr-al® § rj) u 0 SghffiplLl 


and uj is some appropriately chosen character and 6^ 2 6p, 2 6 1-2 is restricted to P 7 r _%, ■ As a char- 
acter on GL r _ 3 x GLi C P^Z^i, one can compute 

|det( ffr _ 3 )|^Q + ’^ 2 ^ (ffr-3,6) = |det( 5 r _ 3 )| s -^| 6 |- (s+ ^ (r - 1)+ ^ (r - 3) 

r—3,1 

rs+i -ir-s 

= S p r- 2 1 (ff r _ 3 , | det(5 r _ 3 )&| —1 . 

Thus the section F s belongs to 


(5.31) 
where 

(5.32) 


Ind 


GL r _ 2 (A) 


(O' ® ffiu ® 6 b T -2 

3,1 


|det r _ 2 | a , 


a = 


-^r-2s- 
r- 2 


1 

2 


6 = 


+ § 
r — 2 ‘ 


Therefore the analytic behavior of the Eisenstein series in (15.301) is determined by that of the 
Eisenstein series associated to the induced representation (15.311) . But the twist by |det r _ 2 | a does 
not have any affect on the analytic behavior, and hence we have to consider the Eisenstein series on 
GL r _ 2 (A) associated with the induced space 


^^(Aj ^ ® 6 P-l x > 


where b is as in (15.321) . 

Now by the induction hypothesis, this Eisenstein series on GL r _ 2 (A) is holomorphic for Re(6) > 0, 
which implies that it is holomorphic for Re(s) > — j-. (Note that the induction is on q and the base 
step is q = 1 i.e. r = 3.) Thus (15.301) is holomorphic for Re(s) > 0. 


The non-identity term Fp(g, s; f s ) wi - 
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We will show that the non-identity term vanishes, i.e. Ep{g 1 s; f s ) Wl = 0, which will complete our 
proof. First note that the non-identity term is written as 

(5.33) E P (g,s-J s ) Wl = V [ f s (s{w^ l mn)g\l) dn 

„. , r / ;v P( F ) m lu T\iVp(A) 
m£B (F)\GL2(F) 

= f f s {s(w^ 1 )s(mn)g;l)dn, 

„ T r^ jNp ( F "> m W1 \ N pW 

meB (F)\GL 2 {F) 

where we used Lemma 12.51 and the fact that s is a homomorphism on GL r .(i 7 '). Then as we will 
see, each integral in the sum vanishes due to the “cuspidality”. But as we just have done, to move 
round the section s we will frequently use Lemma 12.51 and the fact that s is a homomorphism on both 
GL r (F) and Np{ A), and the Weyl group elements are in GL r (F). The reader can verify that each 
manipulation on s can be justified. 

By the change of variable mnm~ 1 i —> n, (15.331) becomes 


(5.34) V / f s (s(w 1 1 )s(n)s(m)g;l)dn. 

m6 lf(F)\GL 2 (F) JVp(F) ” lVVp(A) 

Let us introduce 

/l 0 m \ /1 0 0 \ 

Ad = { 1 0 } and JV 2 = { 1 n 2 }, 

V W V l r-'J 

i.e. Ni is the first row and JV 2 is the second row of Np. Note that Np = WAq. Then by direct 
computation we see Np 1 = N 2 - Further let us write AT 2 = UV, where 


/l 0 0 




/I 

0 0 0\ 

1 0 

u 

}, 

and V = { 


1 V 0 

Ir—3 

0 


Ir -3 0 

V 

V 



l 

V 


where v is 1 x (r — 3) and u is 1 x 1, so n 2 = (v, u). Note that JV 2 = UV. With those notations, each 
integral in the sum of (15.341) is written as 


/Ni (A) Jn 2 (F)\N 2 ( A) 


f s (s(w 1 1 )s(n, 2 )s(ni)s(m)g ; 1) dn 2 dn i 


(5.35) 


JN i(A) JV(F)\V( A) JU(F)\U( A) 

where for the last equality we used 


f s (s(w x 1 vni)s(m)g; s(w 1 1 )s(u)s(wi)) du dv dni 


Now let 


w l 1 uw i 


^Ir -3 

0 1 
0 u 1 

\ 0 0 0 


\ 

G Q. 

V 


(Ir-3 0 0 0\ 

0 0 10 

0 10 0’ 

\ 0 0 0 1 / 


W 2 = 
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which is an element in Mq(F). By the automorphy of the automorphic form f s (s(w 1 1 vni)s(rn)g\ —), 
the integrand of (15.35|l is written as 

f s (s(wf 1 vn 1 )s(m)g ; s(wf 1 )s(u)s(wi)) 

=f s (s(wf 1 vni)s(m)g ; 1 uw\W 2 W 2 1 vjf 1 )s(uii)), 

where we again used Lemma 12.51 Note that 


-l -l 

W 2 W 1 UW\W2 = 


\ 


e n b . 


( Ir —3 

0 1 u 

0 0 1 

\ o ooiy 

Therefore the inner most integral of (15.3511 is written as 

/ Ir -3 

0 1 u 

0 0 1 

\ o 001 / 

But the cuspidal suport of the automorphic form f s (s(wf 1 ni)s(m)g; —) is the (2,..., 2, l)-parabolic, 
which makes this integral vanish. 


/ F\A 


f s {s(w 1 vni)s{m)g\ s( 


\ 


s(u; 2 i w 1 i )s(w;i)) du 


6. The normalized Eisenstein series 


Following m, we normalize the Eisenstein series by using the denominators of (14.511 and (14.611 . 
Namely we set 


( 6 . 1 ) 


L s (r(2s + I),x 2 V 2 )E(g,S'J s ), if 6» = 6» X>T7 ; 

L s (r(2s + |), xir 2 )E(g, s; f s ), if 0 = 


where S = S(x, i), w, f s ) is a finite set of places containing all the bad places with respect to X,7?,w 
and / s ; namely S contains all the archimedean places, the places where x, g or ui is ramified, the 
places dividing 2, and the places where f s is ramified. (Note that here u> is the central character used 
to define the metaplectic tensor product.) Let us emphasize that the normalization depends on the 
set S , which in turn depends on f s . 

Then we have 


Theorem 6.2. A ssume r > 2. The above normalized Eisenstein series E*(g, s; f s ) is holomorphic 
for all s £ C, except that if X' 2? 7 2 = 1 an d r = 2?, or x 7 ? -2 = 1 an d r = 2q + 1, it has a possible 
simple pole at s = \ and —j. 

The idea of the proof is by now standard in that we use the functional equation of the Eisenstein 
series and the analytic behavior of the normalized intertwining operator A*(s,9,wi) we obtained in 
Section [4j 

To use the functional equation, however we need to introduce the “opposite Eisenstein series” as 
follows. Let L Q = Pf r _i be the standard (l,r — l)-parabolic of GL r . Define a representation L 9 of 
the Levi part M t q by 

(b®0x)^ if r = 2g 
(77<gM? x ) w , if r = 2g + 1, 


L 9 := 
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where ui is arbitrary as long as it satisfies the requirement for the metaplectic tensor product. Then 
consider the global induced space Ind^(^ L 9 <g> <5 ?q. Note that this induced representation is noth¬ 
ing but the codomain of our intertwining operator A{s,9,w\). Form the corresponding “opposite 
Eisenstein series” 

l 'E(g,s-J s )= / S ( s (7)s;l) 

7e‘Q(^)\GL r (E) 

for f s e Ind^T^ l 9 ® 6,q. Then we have 

Theorem 6.3. The above Eisenstein series L E(g, s\ f s ) is holomorphic for Re(s) > 0 except that it 
has a possible simple pole at s = ~ if x 2? l~ 2 = 1 and r = 2q, or XV 2 = 1 an d r = 2 q. 

Proof. The proof is completely identical to Theorem 15.31 except that we need use the parabolic 
subgroup L Q. However when one applies the induction argument to compute the possible poles of 
the Eisenstein series, one needs to induct “from the bottom”. Namely, say if r = 2q, one considers 
the constant term along the (r — 1, l)-parabolic, and then the identity term will be interpreted as 
the Eisenstein series on GL r _i embedded in the upper left corner. To do so, one needs part (b) of 
Proposition 12.Ill and hence one needs to assume that the metaplectic tensor product is realized as 
such. □ 

Now we are ready to provide 

Proof of Theorem 1 6. ‘A This follows from the functional equation together with the holomorphy of 
the two Eisenstein series (Theorem 15.31 and 16.31) and the holomorphy of the normalized intertwining 
operator (Theorem 14.31) . Though the argument seems to be standard by now, we will repeat it in 
what follows. We only treat the case r = 2 q, and the other case is identical. 

Note that since we know the holomorphy for Re(s) > 0 by Theorem 15.31 and the partial L-function 
L s {r(2s + \),X 2r 1~ 2 ) is holomorphic for Re(s) > 0, we only have to consider Re(s) < 0. Now by the 
functional equation of the Eisenstein series, one has 

L E(g,-s-,A(s,9,w 1 )n=E(g,s-J s ). 

By multiplying the normalizing factor L s (r(2s + |),X 2 ?? _2 ) to both sides, we have 
(6.4) L E(g , - a; A* (a, 9 , Wl )f s ) = L s (r(2s + i), xV 2 )£(<7, a; /"). 

where the right hand side is nothing but the normalized Eisenstein series E*(g, s, f s ). 

Assume x 2 V 2 7^ 1- Then A*(s,9,w\)f s is holomorphic for all s £ C by Theorem 14.31 and hence 
by Theorem 16.31 the left hand side (and hence the right hand side) is holomorphic for Re(s) < 0. 
Assume that x 2r l~ 2 = 1- Then A*(s,9,Wi)f s is holomorphic for Re(s) < 0 again by Theorem 14.31 
But by Theorem 16.31 the left hand side (and the right hand side) of (16.41) has a possible simple pole 
at s = — j. □ 

7. The twisted symmetric square L-function 

Theorem 16.21 along with the integral representation of the symmetric square L-function of GL r 
obtained in HU immediately implies 

Theorem 7.1. Let n be a cuspidal automorphic representation of GL r (A) with unitary central char¬ 
acter LOn and % a unitary Hecke character. For a sufficiently large finite set S of places, the (incom¬ 
plete) twisted symmetric square L-function L s (s, tt, Sym 2 <8> x) is holomorphic everywhere except that 
if x Tu}2 = 1 it has a possible simple pole at s = 0 and s = 1 . Indeed, the set S can be taken to be 
precisely the set of archimedean places, places dividing 2 and non-archimedean places at which either 
7i or x is ramified. 
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Proof. Assume r = 2q + 1. Set 0 = $ XUJ 2 jX -g = (# xa ,2 q )ui where to is chosen appropriately as 
in HU (2.57)]. (As one can see from there, the bad places for u> are dependent on the choice of the 
additive character ip. However, one can always choose p’ so that the bad places of ui are either dividing 
2 or contained in those of x or 7r 0 Then in [Tlj we defined the zeta integral 

Z{<p,9,f s ) = j (p{g)Q(n(g))E(n(g),s;f s )dg 

Z( A) GL r (F)\ GL r (A) 

where <p G 7r, f s G Ind~[^j A ^0 ® Sq, and 0 is an automorphic form in the twisted exceptional 

representation 0 -1 on GL r (A). Now if f s = /£, <g) (<8)'f£) is an (almost) factorizable section, we have 
shown in HU that 

L S (2s + 7r, Sym 2 ® x)Zs(s) = L s (r(2s + ^), x r w 2 )Z(^, 9, f s ) 

for an appropriately chosen <p and 9, where Z$(s) is a product of local zeta integrals. (Note that in 
HU the induced representation for the Eisenstein series is not normalized and hence there is a shift 
by i.) Here we may assume that the local section /* is unramified if v £ S. Moreover one can choose 
the section so that Zg(s) is non-zero holomorphic, and hence the poles of L s (2s + n, Sym 2 <8>x) are 
the poles of L s (r{2s + ^),x r ^ 2 )Z{4>,9, f s ), which are among the poles of the normalized Eisenstein 
series E*(n(g), s ; f s ), where the normalization is with respect to S. Hence by using Theorem 16.21 we 
see that the incomplete L-function L s {2s + |, n, Sym 2 ® x) is entire except that if X r u 2 = 1 it has a 
possible pole at s = — | and s = 

Assume r = 2q and r > 2. (If r = 2, the theorem is already well-known by the work of Gelbart and 
Jacquet ( [GJ] ).) Set 0 = 9 u , 7t , x -i = {0^, <8>X _9 )w = ®X~ q - (There is no actual choice for w here 

because the center of GL 2g is already contained in Mq \ and that is why we simply write 0 W7r ®X -9 .) 
Then in [Tl] we have shown that the twisted symmetric square L-function is represented by 

Z{(p,9J s )= J (p(g)Q(n(g))E(K(g),s;f s )dg 

z{ A) gl( 2 ) (f)\gl< 2 > (A) 

-( 2 ) 

where the Eisenstein series E(n(g), s; / s ) is a restriction to GL r (A) of the Eisenstein series associ¬ 
ated with the induced space Ind~^(’J A ' ) 9 ® Sq , and 0 is a restriction of an automorphic form in the 
exceptional representation i9 XUJ 2. (It should be mentioned that both the restriction of the Eisenstein 
series and the restriction of the exceptional representation depends on the choice of ip. See [Till for 
the details. But once again, one can choose ip, so that the bad places incurred by ip are either diving 
2 or contained in the bad places of x or tv.) Then by arguing as above, we can derive that the poles 
of the twisted symmetric square L-function are among the poles of the restriction of the normalized 
Eisenstein series E*(n(g),S', f s ), which are among the poles of the normalized Eisenstein series itself. 
But by Theorem 16.21 we see that the normalized Eisenstein series is entire except that if x rw w = 1 it 
has a possible simple pole at s = — j and s = The proof is complete. □ 
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